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ABSTRACT. This paper is devoted to the equivalence of various characterizations of holomorphic H'!
Hardy spaces on tube domains over polyhedral cones. We establish a new iterated Poisson integral
formula which reproduces holomorphic functions on such domains. However, this formula shows that
holomorphic H! functions have boundary values in a new type of Hardy space of real variables on their
Shilov boundaries R", which cannot be treated by standard multi-parameter harmonic analysis. We
overcome this difficulty by developing techniques suitably adapted to this setting. Using the iterated
Poisson integral as our approximation to the identity, and employing a lifting technique, we introduce
various notions of multi-parameter analysis adapted to tube domains, such as twisted rectangles, new
non-tangential approach regions, non-tangential maximal functions and Littlewood-Paley type functions.
All these notions exhibit new geometric features associated with polyhedral cones and involve hidden
parameters, as in the flag setting. We develop the necessary multi-parameter tools to investigate these
new Hardy spaces. In particular, we apply these tools to obtain equivalent characterizations of the
holomorphic H! Hardy spaces on tube domains in terms of non-tangential maximal, Lusin-Littlewood-
Paley area and Littlewood-Paley g-functions.
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1. INTRODUCTION

It is well known that holomorphic functions in the Hardy space H?(R2) on the upper half-plane R%
can be characterized by their non-tangential maximal functions or Lusin-Littlewood-Paley area functions,
and that the real parts of the boundary values of such functions constitute the Hardy space HP(R) of
real-variable functions on R. In order to define the Hardy space HP(R™) of real variables on R™, Stein
and Weiss [45] introduced the notion of a generalized analytic function u = (ug, . .., u,) : R} — R+
which satisfies

auj Ou; Oouy, .
_ 75 Tk g
Z 8% 0 dxp Oz, orj # k.

and proved that the Hardy space H? (RZLFH) of generalized analytic functions for p > ”Tfl can also be
characterized by non-tangential maximal functions or area functions. The components ug of the boundary
values of such functions constitute the Hardy space HP(R™) of real variables on R™.

There is a long history of extending the classical characterizations of analytic Hardy spaces to more
general pseudoconvex domains in several complex variables and of establishing a correspondence between
the boundary values of analytic Hardy functions and suitable Hardy spaces of real variables on their
Shilov boundaries. For the Siegel upper half-space, Geller [15] proved that these characterizations are
equivalent and that the boundary values of holomorphic HP functions belong to the Hardy space HP on
the Heisenberg group. Such characterizations can be extended to a large class of smooth pseudoconvex
domains with smooth boundary (cf. e.g. [29, 41]).

However, for pseudoconvex domains with non-smooth boundary, new phenomena appear. Even for
the bidisc, there are fundamental difficulties caused by the higher-dimensional geometric complexity. In
the 1970s, Malliavin and Malliavin [33] proved that the maximal function characterization implies the
characterization in terms of the Lusin-Littlewood-Paley area function, by introducing a technique based
on an auxiliary function. This result was generalized to the HP theory for the bidisc by Gundy and Stein
[18]. Biharmonic or holomorphic H? functions on the bidisc have boundary values in the bi-parameter
Hardy space on its Shilov boundary, namely a torus. These results stimulated the development of multi-
parameter harmonic analysis (cf. e.g. [4, 10, 26, 30, 38]), which remains an active field of research. Later,
Sato [39] extended the theory to the equivalence of characterizations of Hardy spaces for generalized
analytic functions on the product RTH X RTH.

Since general Siegel domains or symmetric spaces have non-smooth boundaries, admissible convergence
of Poisson integrals becomes very complicated (cf. e.g. [28, 37, 40, 43]), and the study of holomorphic
HP Hardy spaces is usually restricted to homogeneous Siegel domains and to p > 1 (cf. e.g. [1, 2] and the
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references therein). However, in [47], the third and fourth named authors proved that any holomorphic
H' function on the product of two Siegel upper half-spaces has a boundary value in a bi-parameter Hardy
space H' on its Shilov boundary, which is the product of two Heisenberg groups. By using bi-parameter
harmonic analysis (cf. e.g. [6]), the Cauchy-Szegé projection is used to decompose a holomorphic H!
function into a sum of holomorphic atoms. In [48], the third and fourth named authors introduced
and investigated a new class of flag-like singular integral kernels, modelled on the Cauchy-Szeg6 kernels
on certain Siegel domains. These kernels are neither of product type nor of flag type on their Shilov
boundaries, which have the structure of nilpotent Lie groups of step two, say .4#". New Hardy spaces
introduced in [48] are defined by iterated heat kernel integrals on these groups 4.

In general, holomorphic H? functions on different domains may have boundary values in different
types of Hardy spaces of real variables on their Shilov boundaries, and one needs to use different kinds
of multi-parameter harmonic analysis to deal with them. Stein wrote in [44] that “a suitable version
of multi-parameter analysis will provide the missing theory of singular integrals needed for a variety of
questions in several complex variables. This is indeed an exciting prospect.” Under this philosophy,
Nagel, Ricci and Stein [36] studied an important class of Siegel domains: tube domains over polyhedral
cones. A polyhedral cone Q in R™ is the interior of the convex hull of a finite number of rays meeting at
the origin, among which there exist at least n that are linearly independent. The tube domain over € is
the domain in C™ defined by

To:=R"+iQ={z+iyeC":2 € R", y € Q},

whose Shilov boundary is the Euclidean space R™ + i0. A tube domain over a cone is a Siegel domain
of the first kind. Following the standard convention for such domains, we assume throughout this paper
that the polyhedral cone Q is regular; that is, its dual cone Q* ;= {£ e R" : y-¢ > 0 forally € Q}
has nonempty interior. This excludes degenerate cases such as {2 = R™. The holomorphic Hardy space
HP(Tq) consists of all holomorphic functions F' on T, such that

1/p
(1.1) | Fl e (1) = (sup/ |F(x + iy)|” dx) < 0.
yeQ JrRn
See [46, Chapter 3] for basic facts about H? Hardy spaces on tube domains. The Cauchy-Szegé projection
L?(R™) — H?(Tq) has a kernel, called the Cauchy-Szegé kernel, given by

Clx+iy) = / e?ril@tiy)€ ge.
Nagel, Ricci and Stein [36] proved that this kernel is a sum of flag kernels when restricted to the Shilov
boundary. However, the study of the Hardy spaces associated to sums of flag kernels is still in its early
stage (cf. e.g. [24] and the references therein). This paper is devoted to developing the necessary tools of
a “suitable version of multi-parameter analysis” to investigate new types of Hardy spaces of real variables
on the Shilov boundary R™, to applying them to the holomorphic H' Hardy spaces on Tq, and to proving
the equivalence of several characterizations of this space.

It is well known [13] that Hardy spaces of real variables are defined in terms of approximations to the
identity. Thus our first step is to find an integral representation formula for holomorphic functions on
Tq, which can also be viewed as an approximation to the identity on the Shilov boundary R™. We use
this representation to define new Hardy spaces corresponding to holomorphic H! Hardy spaces on Tq,
and study the latter. For simplicity, we restrict ourselves to HP(Tq) with p = 1 in this paper, and assume
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that the polyhedral cone is spanned by unit vectors e; in R”, j =1,...,m, i.e.
Q= {)\161+"'+>\m€m:)\1a~~~7)\m >0}7

and that every n of ey, ..., e, are linearly independent, to avoid degeneracy (see Figure 1). We must
have m > n. £ :={e1,..., e} is said to be a generating system of the polyhedral cone Q2. By definition,
Q has the form {\y : A > 0, y € C}, where C is the convex hull of the vectors {ej,...,en}, ie.
C= {)\161+"'+)\mem:)\1+"'+)\m =1,A,...,Am >0}.

\ |
\ I /

\ e3+ /
7 . /
e\ -~ | .
|
|
|
|
|

K

FIGURE 1. Polyhedral cone

Let P;(s) = £t be the standard Poisson kernel on R. Define the Poisson integral along the line e,

T2 +s?
by
(1.2) [ Pe(x) == /Rf(ac —se,)Pi(s)ds
for x € R™, and the iterated Poisson integral by
(1.3) Pe(f)(@) i= fx1 Py ooxm B, (@),

which is a function of the variables x € R™ and t = (¢1,...,tn) € (R4)™. We often write P(f)(x) as
f* Py(x). As in the flag or flag-like cases (cf. e.g. [35, 48]), we consider the lifting space R™ and the
projection 7 : R™ — R™ given by

(14) (/\1,...,/\7”) — Aer+ o+ Amem-

It follows from the classical boundary convergence theorem for Hardy spaces on tube domains (see [46,
Chapter 3, Theorem 5.5]) that, if ' € HP(Tq), then F has a boundary value

Fb.= i F(-+1i LP(R"
peam (- +1iy) € LP(R™),

where the convergence is understood in LP(R™). More details will be recalled in Section 3. The following
result gives an iterated Poisson integral representation of F' in terms of this boundary value.

Theorem 1.1. Suppose that Tq is a tube domain over a polyhedral cone as above. Let F € H(Tg), and
let F* be its boundary value. Then

(1.5) F(x +in(t)) = F° x Py(x),
for all (z,t) € R™ x (Ry)™.
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Remark 1.1. (1) This reproducing formula is unusual in the sense that we have to use the lifting cone
(Ry)™, where a point y in the cone § is represented by w(t). The iterated Poisson integral has an m-
parameter structure, although R™ is only n-dimensional. Namely, there exist m — n hidden parameters.

(2) This formula characterizes the new type of Hardy spaces of real variables on R™ to which the bound-
ary values of holomorphic Hardy functions belong, and indicates what kind of multi-parameter analysis is
needed to study them. We will develop the necessary tools of the corresponding multi-parameter harmomnic
analysis on the Shilov boundary R™ to solve problems concerning holomorphic Hardy functions on the
tube domain.

The iterated Poisson integral is our approximation to the identity; it allows us to introduce natural
notions of multi-parameter analysis adapted to tube domains T, such as twisted rectangles, new non-
tangential regions, non-tangential maximal functions, Lusin-Littlewood-Paley area functions and new
types of Hardy spaces. All of these differ from the standard ones and have new geometric features
associated with polyhedral cones.

For t := (t1,...,tm) € (Ry)™, the standard rectangle in R™ is R(0,t) = (—t1,t1) X - -+ X (—tm, tm).

Its image 7(R(0,t)) under the projection 7 in (1.4) is denoted by R(0,t), and is called a twisted rectangle
in R™. For z € R", let R(z,t) := x4+ R(0,t). Then

(1.6) R(z,t) :={x+ Aer + -+ Amem = |A1] <ti,.oo) [Am] <tm}

For x € R™ and any 8 > 0, we define the non-tangential region in R™ x (R;)™ by

(1.7) Ls(z) :={(a',t) e R" x (R4)™ : 2’ € R(z,[t)}.

We also denote T'y(x) by T'(z) for short. Define the non-tangential mazimal function on R™ by

(1.8) NZ(f)@) = sup  |(f* P)(a))].

(¢ t)elp ()

The Hardy space H}, . .c(R") consists of f € L'(R™) such that Ng(f) € LY(R™). These Hardy spaces
for different 8 > 0 coincide with equivalent norms (cf. Lemma 3.1). For generating systems £ and &’
satisfying a mild assumption in Proposition 3.7, we must have HJ, .o (R") # Hy . .c(R™). In particular,
even two different generating systems for the same cone may give rise to different non-tangential regions,
iterated Poisson structures, and hence different real-variable Hardy spaces. For example, the systems
{(0,1),(1,0)} and {(0,1),(1,0),(v/2/2,v/2/2)} give rise to different real-variable Hardy spaces, even
though both define the same cone Ri.
Define the Lusin-Littlewood-Paley area function of f by

o tdtdx’

1/2

for all x € R", where V; is the gradient in the plane spanned by e; and ¢;, and tdt =t1 - -t dt1 - - dipy,.
Define the S-function Hardy space Hé;g (R™) by setting

Hge(R") == {f € L'(R") : Se(f) € L'(R")}

and equip it with the norm [|f|[ 1 _ @) := [[Se(f)l|1(rn). The Littlewood-Paley g-function of f is defined
by ,

1/2
(1.10) 9e(f)(z) == (/(R . V1 Vi (f # Po) (@) tdt) ;
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for all x € R™. We define the g-function Hardy space

Hge(R"):= {f € L'(R") : ge(f) € L'(R")},
and this space is naturally equipped with the norm ||fHH;:£(Rn) = [lge (f)|l1 (mn)- If there is no ambiguity,
we will omit the dependence of the notation on £.

Note that the tube domain T = R™ + i) is different from R™ x (R4)™, but Q@ = «((Ry)™). If
we lift the function F on Tq to a function u(z,t) = F(x + ir(t)) on R™ x (R;)™, then by Theorem
1.1, u(z,t) = F % Py(x) if F € H'(T). Motivated by nontangential maximal function, area function
and g-function for iterated Poisson integrals above, we define the nontangential mazimal function of a
holomorphic function F' on Tq by
(1.11) NO(F)(z):= sup |F(«' +in(t))],

(z',t)€Ts(w)

for all x € R™. We also define the Lusin-Littlewood-Paley area function by

2 tdt dJS/

1/2
(1.12) So(F)(x) :== </F( : Vi Vi (F(2' +in(t)))] R(xt)|> )

and the Littlewood-Paley g-function by

1/2
Ga(F)(x) := (/ |V1---Vm(F(m+i7r(t)))2tdt> .
(Ry)™
Having established this notation, we are now able to state our main theorem.

Theorem 1.2. Suppose that T is a tube domain over a polyhedral cone as above. Then, for a holomor-
phic function F' on Tq, the following properties are equivalent:

(1) F e H\(Ty);

(2) For fized > 0, N (F) € L'(R™);

(3) limyy|s 400 F(x +1iy) = 0 for every fized yo € Q, and Sq(F) € L'(R").
YEYo+2

(4) limy| 400 F(x +1iy) = 0 for every fized yo € Q, and Go(F) € L'(R").
YEYo+Q2

Moreover,

1|1 (1) =~ ING(F)| 21 my = S0 (F)l| 1 n) & |G (F) 1 gny-
By Lemma 3.1, the condition (2) for fixed 8 > 0 is equivalent to the same condition for every 5 > 0.

Corollary 1.1. Suppose that Tq, is a tube domain over a polyhedral cone as above. Then, for F € H(Tg),
its boundary limit F® := limycq 0 F(x + iy) belongs to Hg;g(R"), where ¢ € {max, S, g} and £ is a
generating system of the polyhedral cone 2.

Remark 1.2. By Theorem 1.1, a holomorphic H' function is the iterated Poisson integral of its boundary
L' limit on the Shilov boundary. Then, by employing the tools of multi-parameter analysis we have outlined
and using the holomorphicity of F, we obtain a complete real variable characterization of holomorphic
H' Hardy spaces on such tube domains. In fact we show

(1.13) Hpanie(R") C Hg g (R") C Hy.e(R")

ax;E
to prove (2) = (3) = (4), where & is the generating system of the polyhedral cone Q. It would be
interesting to prove the equivalence of Hardy spaces in (1.13) only by real-variable methods. One possible
way would be to develop a new kind of atomic decomposition and Journé’s covering lemma [26, 38| adapted
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to twisted rectangles. For the equivalence of characterizations of Hardy spaces of real variables in various
settings, see, for example, [3, 5, 6, 9, 16, 21, 23, 49].

The proof of Theorem 1.2 proceeds as follows. For holomorphic functions F', we can use the sub-
harmonicity of |F|P for p > 0 to prove (1) = (2). The implication (2) = (3) can be reduced to a
Fefferman-Stein type good-\ inequality: there exist C' > 0 and 3 > 1 such that for f € L*(R") and all
A>0,

C

(1.14) {z € R": S(f)(2) > M| < C [{z € R" - NP(f)(2) > A} + 35 NA(f)(x)? da,

/{xER"iNB(f)(w)SA}
where C' is a constant independent of f and A. In the one-parameter case, this inequality was proved
by Fefferman and Stein [11, 42] via smooth surface approximation and an application of Green’s for-
mula in smooth domains. The main difficulty in the bi-parameter case is the lack of such an effective
approximation, owing to the higher-dimensional geometric complexity. To overcome this difficulty for
biharmonic functions, Malliavin and Malliavin [33] introduced an auxiliary function. So far, maximal
function characterizations have been established only in a few cases by proving analogues of (1.14): the
R™ x R™ case by Merryfield [34], the Muckenhoupt—Stein Bessel operator setting by Duong, Li, Wick,
Yang [9], the multi-parameter flag setting by Han, Lee, Li, Wick [21, 22], product stratified Lie groups
by Cowling, Fan, Li, Yan [7], the flag setting on the Heisenberg group by Chen, Cowling, Lee, Li, Ottazzi
[5] and the Shilov boundary of products of domains of finite type by Li [32], etc. In our setting, the
difficulty lies in the fact that the number of parameters is arbitrary, unlike the aforementioned situations
which involve only two. Thus we have to find general inductive formulae to overcome this difficulty.

In the product case RT‘H X Ri’”‘l, the implication (3) = (1) was proved by use of the estimate
5l < IISH)|l1 for Hilbert space-valued functions § of one variable [39]. Because our non-tangential
region I'g(z) in (1.7) cannot be written as a product, we cannot employ this approach. However, since
the domain (R )™ of integration for the g-function has a product structure, we add condition (4), which
usually does not appear in characterizations of (generalized) analytic Hardy spaces (cf. e.g. [15, 39, 45]).
The implication (3) = (4) follows from a pointwise control of the G-function by the S-function via the
mean value formula. The real-variable version of (4) = (1) is
(1.15) sup || * Pellpiwey S Il9(H)l 21 mn)-

te®y)™
We first establish a one-dimensional version of (1.15) for Hilbert space-valued functions by applying the
corresponding one-dimensional Plancherel-Pélya type inequality. Then we use this estimate iteratively
to prove (1.15).

The paper is organized as follows. In Section 2, we discuss partial convolutions with the Poisson
kernel along lines, which satisfy partial Laplace equations. In Section 3, we characterize the geometric
shape of twisted rectangles and the associated twisted maximal functions. We also obtain boundary
growth estimates for iterated Poisson integrals and for holomorphic HP-functions, respectively, and then
show that the iterated Poisson integral reproduces holomorphic functions by using Fourier transform. In
Section 4, the Fefferman-Stein type good-A inequality (1.14) is reduced to the estimate of an integral
over R™ x (R4)™ by means of an auxiliary function. We use differential identities to estimate the
terms appearing in this integral, the new terms arising after these estimates, and in general all terms
appearing inductively. In Section 5, we prove a one-dimensional version of (1.15) for Hilbert space-valued
functions, from which we deduce the real-variable version (1.15) of (4) = (1). In Section 6, we prove
the equivalence of the various characterizations in the main Theorem 1.2. In the appendix, we give the
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proof of the Plancherel-Pdlya type inequality for Hilbert space-valued functions for the convenience of
the readers.

2. PRELIMINARIES

2.1. Partial convolutions along lines and partial Laplace equations. Consider the complex line
in C" that contains e,:

(2.1) L, :={(s+it)e,:s,t € R},
and its upper half plane
(2.2) L ={(s+it)e, : s € R, t > 0},

with boundary Re,, contained in the Shilov boundary R"™ +i0 of T. Then x + LI may be contained in
the boundary of the tube domain for any x € R", because e, may be contained in 9. But we always
have x + iy + L}t C Tq for y € Q.

Denote by *,, the partial convolution on R™ along the line e,,, i.e. for f € L'(R™) and g € L(R),

(23) Foale) = [ fa=se,)as)ds
for almost all z € R™. It is immediate that partial convolutions along two lines e, and e, are commutative:
(2.4) [ g h(x) = f*, hx, g(z),

for any g, h € L' (R). If we write
(2.5) en = (eut, . eun) € R",

pw=1,...,m, then the vector field

" 0
(26) Xlt = kz::le,ukaixkv

is the derivative along the direction e,. Define the p-th Laplacian and the gradient of a function u along
the upper half plane L:[ in (2.2) as

0? ou
Ny=X2 4 V,u = (Xﬂu )
neootr’ ot )’
respectively, i = 1,...,m. For fixed p, we will use coordinates z = x* + se, for x € R™, where xt is the

part of x perpendicular to e,. Let ef; be the subspace perpendicular to e,,.

Proposition 2.1. (1) If F is holomorphic on the tube domain Tq, then for fixred x + iy € T and
w€{1,2,...,m}, the restriction of F to x +iy+ L: is holomorphic, i.e. F(x+iy+ ze,) is holomorphic
inz € C forImz > 0.

(2) If f € LP(R™) (1 < p < 00) and p € {1,2,...,m}, then for almost every z*, f x, P, (zt + sey)
is smooth in s,t, and satisfies

(2.7) Aplf #u Ptu](xl + seu) =0, Vulf #u Ptul(zj_ +seu) = [ *u %#Ptu (™ + seu),

where %u 1s the gradient in the plane with variables s,t,: %Hv = (%, 8‘%) .
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Proof. (1) If we write the coordinates z1, ..., z, of the tube domain as z; = x; +iy; and z = s+ it, then,
for fixed p we have

oOF 0 0 . .
290 ( O at) P +iy + (5 + it)e,)]

OF . .
_ E euk x+1y+ (s+it)e,) +1i E e“kay (x+iy + (s+it)ey)
k
k=1

oF . .
—Zeuk (axk—i—layk) (x+iy+ (s +it)e,) =0,

by using (2.5) and the Cauchy—Rlemann equation satisfied by F.

(2) Since f € LP(R™), we see that for almost all 2+ € ey, f,.(s) := f(z + se,) belongs to LP(R).
Thus, the function (s, t) — (f*, P;)(zt +se,) = f,1 * P;(s) is harmonic (hence smooth) for almost every
xt. Note that

Xl o PO 560) = 221( 5 PO +56,0] = 5 {fo + (s

{fﬁ*;pt]() {f*ﬂ(a tﬂ(zﬂseﬂ),

by definition (2.6), and a similar identity holds for at . We get the second identity in (2.7), and so

(2.8)

Aulf #u Py, ()] = [f * 4 (88822 + 5;) Ptu} (xL + se,) = 0.
The proposition is proved. O
Write
(2.9) V= (X}}%X;P), where X’(f) =X,, X’(f) =04,
Denote m := {1,...,m}. For a subset j = {j1,...,7.} of m, we introduce the notation
(2.10) ty = (tj, ..., t,), Vv :=Vj, -V, tydty ==t - -t dt;, - dtj,.

Then Vjov in (2.10) is a R?"-valued function, and the inner product of two such vectors is defined by

Viu - Vjv := Z XJ(‘?I)"'XJ(‘SG)U‘X](»?I) --~Xj(.;l")v,

Ay, 0q=1,2
where X;j“)’s are given by (2.9). For f € L}(R") and ¢ € L*(R), we set
f *j ¢tj = f *jy ¢tj1 cr K, ¢tja (LL')7

(2.11) my, = {k, ..., m}.

In view of this notation, we have t,, = t. We will write f * ¢ instead of f ; ¢¢; when j = m. For a subset
jofmand f € LP(R™) (1 < p < o0), define the partial Littlewood-Paley g-function of f by

1/2
5N = ( [ s Pt,><x>|2tjdtj> 7

where |j| denotes the number of elements in the set j.
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Proposition 2.2. For f € LP(R™) with 1 < p < oo, we have ||g;(llp, < 1 fllp-

The proof is standard (cf. e.g. [23, 48]) by repeatedly using the L? boundedness of g-function for
vector-valued functions. See also the proof of Proposition 5.6 for the converse part when p = 1. We omit
the details.

2.2. A formula of integration by parts. This formula will be repeatedly used in the proof of good-A
inequality. We denote ViU =V, VU for short, which is defined in (2.10), and VﬁU =U.

Proposition 2.3. Suppose that U € %Q(Riﬂ) and satisfies the following three properties:

(1) For a = 0,1,2, we have ViU € LYR"™ x [0,T)) for any T > 0, and for fized t, > 0, we have
VeU(-,t,) € L'(R™), and X, U(zt + seu,t,) — 0 as s — +oo for almost all x+ € eﬁ.

(2) As t, — +oo, we have U(-,t,),t,0,, U(-,t,) — 0 in L'(R™);

(3) As t, — 0, we have U(-,t,) — U(-,0) and t,0;,U(-,t,) — 0 in L*(R™).

Then

(2.12) / AMU(m,tu)tudxdtuz/ U(z,0)dz,
o Jrn n

where fooo is only a short-hand notation for lim._,o+ 7400 fET.

Proof. Write

T T
/ AU ()t dedt, = /
€ Rm™ e

Note that = — (z1, s) preserves the volume form since we assume e, to be a unit vector. Hence,

T
X2U (2t )ty do dty, + / 0F U, ty)ty dr dty, =: 1) + 1.
Rn e Rn
d2
XZU(J:,tM) dx = / / F[U(xl + sey, t,,)] ds drt
Rn Rn—-1 JR QS
= /}Rni1 <SEIEOO X, U(zt + sey,ty,) — SEEHOO X, Uzt + seu,tu)) det =0

by definition of X, and the assumption (1). Thus, I; = 0. For the term I, we get

T
I, = — / / 0y, U(x,t,)dt, dx + / T0;,U(z,T)dx — / €0y, U(x,¢€) dx
R Je R™ n

— Uz, T)dx + U(Ls)dm—i—/
R™ R™

T0;,U(x,T)dx — / €0y, U(x,¢) dx,

n n

by integration by parts. Then taking limit 7' — +oo and € — 0, we deduce the required conclusions in
view of assumptions (2) and (3). O

3. NEW MAXIMAL FUNCTIONS ASSOCIATED TO TWISTED RECTANGLES AND ITERATED POISSON
INTEGRAL FORMULA

3.1. Twisted rectangles, iterated and twisted maximal functions. Define the maximal function
along the line e, as

M,(f)(z) = sup —— (@ + se,)|ds,

ru€ERY 2T/J |s|<r.
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for v € R" and f € L}, .(R™). It is convenient to work with the iterated maximal function M =
M, 0---0 M. Then for f € L}, (R™), there exists an absolute constant Cy > 0 such that

(3.1) |[Pe(f)(2")] < CoMit(f) ()
for any (2, t) € I'(z), by the property of the Poisson kernel [42]. Define the twisted maximal function as

1
M(f)@) = swp [ g
re®y)m [R(@, 1) JR(or)

Note that the projection of the ball in the lifting space is usually called a tube in the flag or flag-like
cases (cf. e.g. [5, 48]). But in this paper, the projection R(z,r) in (1.6) is called twisted rectangle to
avoid confusion with the tube domain. Given r = (rq,...,7m) € (Ry)™, let 7, ..., 7, be the largest n
numbers among {r1,...,7y,}, i.e. 7; > 1, forany j € [:={l1,...,l,} and any p ¢ [. Set

(32) R[(’I, I‘) = {IL’ + )\11611 + -+ )\lneln : |>‘l1| S S PR |)\l‘n| < T'ln},

which is a parallelotope. Note that, given r, the choice of [ may not be unique.

On the other hand, given any subset [ := {ly,...,l,} of m, e;,,..., ¢, are linearly independent by the
assumption. So there exist numbers A' ,i; such that e, = Z;L LA 1;€l;»> for ¢ [ As the number of choices
of such subsets [ is finite, we can define

(3.3) A= ZZZM | < +oc.

bopgrs=1
Proposition 3.1. Givenr € (Ry)™, let ryy,... 7, be the largest n numbers among {r1,...,rm}. Then
(3.4) Ri(z,r) C R(z,r) C Ry(x,7, 'r),

for any x € R™, where 3o = (1 + A)~!
Proof. The first inclusion is obvious by comparing definitions (1.6) and (3.2). For the second one, note

that for any 2’ € R(x,r), we can write

n
m’:x—|—/\161+---+)\mem:x—|—z /\ZJ+ZA;[U/\H el
Jj=1 HEl

for some |A1| < r1,...,|A\m| < 7m. Then

)\l —|—ZA )\ < 1+A)Tl —’}/0 Tl

HEL
since |\, | < ry; for p ¢ [ by definition. O
As a corollary, we get
(3.5) |R(z,r)| ~ |Ri(z,x)| = 2"ry, - -1, | det(eq,, ..., er,)].

Let x be the characteristic function of the interval [~1,1] and let x;(s) := 7x(£) for t € RT and
s € R. Recall that [f]*x¢ := [f|*j, Xt;, -+ %) Xy, for t = (5,,...,t;,) € (R4)™. The twisted maximal
function is controlled by iterated maximal function by the following proposition.
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Proposition 3.2. Suppose that f € L}, .(R™) and m > n. Then, for all x € R™ and t € (R4)™,
1

L1 Xyt () S 1R(z.0)] o) |f(z)|dx" < | f] * X’YO—It(.'L')7

where o = (1 +.A)~2. Consequently, My(f) < M (f).

Proof. The case m = n is immediate. Without loss of generality, we may assume that ¢, ...,t, are the
largest n numbers among {¢1,...,%,}. The linear independence of ey, ..., e, implies that
n
(3.6) €p = Z Auje;s
j=1
for some numbers A,,; with g =n+1,...,m. Then

m
)= [ 17 (2= sies || (s0) v, (o) dsy s,
R -
Jj=1
(3.7)
1 n m
:ﬁ/ f $—2<Sj+ Z Aw’%) e ||dsi---dsp.
Lo bm Sty 1] X X [~ ] = p=nt1
Take the coordinate transformation © : R™ — R™ s+ s’ given by
(38) S/- _ 5j+ZLn:n+1 Amsu, j: 1,...,71,
J 5, j=n+1,...,m.
It is obvious that © is one to one and its Jacobian identically equals to 1. We claim that

(39) H[—%taﬁota] coe <H[_ta7ta}> C H[_io_ltaaﬁo_lta]v

a=1 a=1 a=1
with 39 = (1 + .A)~!. For the first inclusion, note that for each s’ € [[",[~Fota, Jota), there exists a
unique preimage s in [[", [—tq, ), i.e. ©(s) =s’. This is because |s;| < t; obviously for j = n+1,...,m

by definition (3.8), while for j =1,...,n, we have

m
! A
s;— E A,”»s“

p=n-+1

|Sj| = < aotj + AA’Yiotj =ty,

by [s},| <ot < Jot; for any g >n > j by the assumption. It is similar to show the second inclusion.
Now it follows from (3.7) and (3.9) that

[=Fot1,70t1] X - X[=Fotm ,FYotm]

n

!/ / /

f sc—E siej | |dsy - dsy,
=1

n

2~ m—n
(Zy)™ ™" f IE*ZSQ% s - ds,
=1

tr-tn /[Wotlﬁotl]x“'x[70%5015"]

~m-—-n 2m

= o |/ (z = a")]da’
|R[(O’t)‘ R[(Of’?ot)
""’n’L7’n2m

>0~ |f(w = 2')|da,

~ R0, 8)] JRro,52¢)
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by taking coordinates transformation (3.8) and using the transformation R™ — R™ given by
n
(3.10) (8], vny8h) a2’ = Zs}ej
j=1

and Proposition 3.1. The Jacobian of this transformation is det(es,...,e,) # 0 since eq,...,e, are
linearly independent. Similarly,

1

t1- - tm »/[Wo_lhﬁg_ltllx'”x[wo_ltmﬁo_ltm]
N 1

TR0, 0)] Jri0.50)

The required conclusion follows by applying Proposition 3.1. Taking the supremum over t € (R;)™ in

|f# xe(2)| < f szs;ej dsy---ds),
j=1

Fla —af)|da’.

the second inequality and using

15 X1 (2) S M -+ My (f)(2) = Mie(f)(2),
we obtain M(f)(x) < My (f)(x). O

Remark 3.1. The control of the twisted mazximal function by the iterated mazimal function was already
proved in the flag case [5] and the flag-like case [48, Proposition 3.2]. But the proof given here is simpler
than that in [48].

Lemma 3.1. For 0 <p < oo and 0 < p; < fa, ||N§1(f)||Lp(Rn) R~ ||N§2(f)||Lp(Rn), i.e. the definition of
H! (R is independent of 3.

max;E

Proof. Obviously, Ngl(f) < Ngg (f). Let (2',t) € T'g,(x). For every =’ € R(z', f1t), the symmetry of
the twisted rectangle implies that @’ € R(z”, f1t), and hence |f * Py ()| < Ngl (f)(«). Therefore,

|f * Pe(a)] N (f) (") da

< o/

[R(2, B1t)] J (e pt)
for ¢ > 0. Since 2’ € R(x, fat), we have R(z’, f1t) C R(z, (81 + B2)t) with equivalent volume. It follows
that

£ % P(a)|" Sy, Mu(NE ())1)() S Mie(NEH (1)) (),

where the last inequality follows from Proposition 3.2. Taking the supremum over (z’,t) € I'g, () gives
NZ2(£)(@)? S Miu(NF(f))(x).

Now we choose ¢ such that 0 < ¢ < p. Then, the LP/9 boundedness of M; yields ||N§2 NHIL, <
||N5B1 (f)I|%,. This proves the equivalence. O

3.2. Boundary growth estimates for iterated Poisson integrals and holomorphic HP-functions.
In the sequel, we will use the notation € := (g,...,¢) € (R4)™ for € > 0, and the smoothing technique of
replacing f € LP(R™) by smooth function f. = f % P, will be frequently used.

Proposition 3.3. Let f € LP(R™), 1 < p < oo, and let f. = f * P.. Then the following hold:
(a) If 1 <p< oo, then fo — f in LP(R™) ase — 0.
(b) If1 <p < oo, then fo — [ almost everywhere as e — 0T,
(¢) If 1 < p < oo, then [ x P(x) is smooth in (z,t) € R™ x (Ry)™.
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Proof. We can write

f*Py(x) = Rmf x—Zsjej Py, (s1) - P, (Sm)ds

= f x—Z(Sj—‘r Z Auj%) € Py (1) Py, (5m)ds

(3.11) R j=1 p=nt1
SR T1 ) | CACED SR B | A
R™ j=1 j=1 p=n+1 j=n+1

= /. fle =2 (P, - P, ) (@) da’ = fx7m(Py, -+ Py, ) (),

using the coordinates transformations (3.8), where

n ds’ - ds!
12 P, --- P N = | I P, § A | I P ntl’ m
(3.12) (P, tm)(x) /mfn i tj ( wis u) t] |det(el,..., n)|

pu=n-+1 Jj=n+1

for ' = Z;L 1 87e;. This function lies in LI(R") for any 1 < ¢ < oo, since
17 (Po - Pl o)

" q 1/q
/ / H P, < Z Apjs u) H P, (s})dsy, yq---dsy,| dsy---ds),
R JR™T p=n+1 j=n+1
(3.13) i . g
S/ / HPt < Z Apujs u) H P, (s})| dsy---ds), ds), - ds),
men p=n+1 j=n+1

=(t1- ~-tn)1/q’1||P1||Lq(R) < oo,

in view of the coordinates transformation (3.10) and Minkowski’s inequality.
The case ¢ = oo is obtained in the same way, replacing Minkowski’s inequality by the elementary
estimate

7 (Pey - Pro) |l poe (rey H 1Py [ ooy S (B e tn) ™"

Thus, the convolution in (3.11) is well defined.
The proof of convergence is similar to [42, Theorem 2 (c) in Chapter 3]. Take p(x) = w(P, - -+ P, )(x)
with ¢, = --- =t,, = 1. It is direct to check by definition (3.12) that

e "p(x/e) =m(P.--- P.), /n p(x)de = 1.

Let wy(y) == |f(- =y) = f()llzemn) for f € LP(R™). It is obviously bounded and is well known that
wp(y) tends to 0 as |y| — 0. Hence,

P 1/p

d:c)

I = lawce = ([

S/ wp(y)e " ply/e)d /wp y)dy — 0,
R R~

[ (=)= s@)e et/ dy
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as € — 0, by using Minkowski’s inequality and Lebesgue’s dominated convergence theorem.
(b) This can be proved as in [42, Chapter III, Theorem 2(b)], since

sup|f * w(Pe -+ Fo)(x)] S Mi(f) ()

e>0

and M is bounded on LP(R™) for 1 < p < co. The endpoint p = 1 is not included, since M is not of
weak type (1,1). We omit the details.
(¢) Recall that the Poisson kernel P, satisfies the well-known estimates

(3.14) }(tat)“(tas)th(s)| < Pi(s),

for every a,b € Ny. By differentiating (3.12) and applying (3.14) to each Poisson factor, we obtain
n
tlilt?lntliltl;;ln 85;82:8&16 (Ptl Ptm (Z ; )‘<7‘rPtl Ptm (ZS ej)

for all by,...,bn,b},...,b., € Ng. Now fix a compact set K C (R4)™. Then there exist 0 < k < M < 00
such that k <t; < M, for all t = (t1,...,t,) € K. Since P,(s) < Cx mPy(s) for k <t < M, we get

--82:3?1/1-- 6 (P - (Zs ej)‘ -~-PH)(is;ej), te K,
j=1

where the implicit constant is independent of x € R™, t € K. Consequently,

T a:g:aflll “'agf:/]r(Ptl By )(ZL’)‘ STF(PHPH)(QC)& T e Rn7 te K.

m

From this estimate together with (3.13), we can show that f * Pi(x) is smooth in (z,t) € R™ x (Ry)™
by repeated use of differentiation under the integral sign (cf. [12, Proposition 2.23]). O

Proposition 3.4. For f € LP(R"™) with 1 < p < oo, let u(x,t) := f x P;. Then, for by,--- by, € Np,

e v ...v%n,u(.,t)‘ oy S M o),
(3.15) . A ufnmw
LI \v« Vo, t)| < SLIEPED.

for (z,t) e R™ x (Ry)™

Proof. If we let f. := f * P., then we can write u(z,t) = f. * P,_. for small £ > 0 and f. is smooth by
Proposition 3.3. So we may assume that f is smooth. The result will follow from (3.15) for f. and then
taking limit e — 0%. For fixed p, we use coordinates x = z+ + se,, as above. Then,

P
L+ (s—8)eu) P, (s ds'| dsdat

||f *n Ptu”Z[),p(]Rn) =
Rn—1

dzt

LP(R)

- / 1£ (et + e0) % Py |12
(3.16) n

< / 1@t + eIy 1P 12 gy
Rnfl

:/R ||f(x + e#)”[,p(m) = ||fHLp(Rn
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by Young’s inequality. Applying this inequality repeatedly, we see that |[u(-,t)| Lr@n) < [|fllr@n). By
replacing P, by tZ“%Z“ P;,,, the above argument gives us the first estimate in (3.15), since we also have
6 Vit P ey S 1.

By Proposition 2.1 (2), u(x + sj,e,,t’) is harmonic on {(s),,t,) : ¢, > 0}, which contains the disc
|s}, +i(t, —t),)] < tu. So we can apply the mean value formula to obtain

1

ma/ |t w(x + sheuty,. .ty +t,,...)ds), dt),
sy, it <

jufa, £)]” =

1

’ ’ P g
s o lu(z + spep te, .oty + 1, )P ds, dt),
n S“Jrlt# <t

by Holder’s inequality. Repeating this procedure, we deduce
(3.17)

1
— mi42 ., . 42 ) )
T U S s it | <ty st Hit! [<tm

P
ds, dt! ---ds\dt]

u <x +) shent+ t’)

p=1

p
]_ t t?'n trn
Sw/ / / / u x+Zs e b+t || dtl, - -dt\ds,, - ds}.
m 1 ts, - -
Note that
1 t1 tm m P
e [ [ (e st ¢ )| dsdsh = fule 4 € 5 e(e)
1 m _tl _tm ,u:l
1
<— | (x’,t—l—t’)|pdx’
| (3j 70 )| R(r'yo
1
S —— |u(m’,t + )" dx’
|R(z, 7 "t)| Jrn

1
< P
~ |R(1’7t)‘ Hf”Lp(Rn):
by applying Proposition 3.2 and the first estimate in (3.15). Substituting this estimate into (3.17), we
obtain the second inequality in (3.15) for by = -+ = b, =
For the general case, note that each component of V' ... Vomy(z + s,,eu,t’) is still harmonic on
{(s}»t,,) : £, > 0}. The result follows from the same argument by using the first estimate in (3.15). [

Corollary 3.1. Fize > 0 and let f- := f*P. for real-valued f € L*(R™). Then, U(x,t,) = (fe*, P, (x))?
satisfies the conditions in Proposition 2.3.

Proof. For condition (1), write U(z,t,) = u*(z,t,) with u(z,t,) == f- x, P, (). It is smooth on R+
since f. is smooth and every derivative of f. is integrable by Proposition 3.4. Since u(-,t,), V, u(-,t,) €
L*NL>(R™) with norms only depending on ¢ and || f||1 by Proposition 3.4, we see that U(-,¢,), V,U(-,t,) =
2u(-,t,)Vyu(-,t,) € L' N L®(R"). It is similar to see VAU(:,t,) € L' N L>(R"). Consequently,
VeU e LY(R™ x [0,T]) for any T' > 0. On the other hand, it is standard to see that for z = zt + sey,

X, U(e.1,) = 2u(z,t,) - / Jo(at 4 (s — 8')e,)00 Py, (s') ds” 0,
R

for almost all 2+ € e;; as s — +o0, since fe(z 4 -¢,) € L'(R) for almost all 2+ € e;; and u is bounded.
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For condition (2), apply the estimates (3.15) to u(w,t,) = f * Pe x, P, () to get

2
16,00, Ut g S st 6000, e )y S D E
o e ~ > pnty )yt ~ gn—1(5+tu)

as t, — +oo. Similarly, [|[U(-,t,)|lz1@n) — 0 as t, — 4-o00.
For condition (3), note that u(z,0) = f.. Write wi(z) := ||fo(- — 2) — fo(-)|lz1@ny. It is well known
that wy(xz) — 0 as |z| — 0. Hence,

(s tu) = ul-, 0) ||y gny = /Rn ’/]R[fg(acL + (s — 8)eu) — fo(at + se,)| Py, (s') ds'| datds

g/wl(s'eu)Ptu(s')ds’:/wl(tus’eM)Pl(s’)dslﬁo,
R R

as t,, — 0, by rescaling and using Lebesgue’s dominated convergence theorem (cf. [42, P. 63]). Note that
t.0%,u(-, tu)ll L1 gny — 0 as t, — 0 follows from the same argument, since

t,0r (e, 1) = /R oo — S'en) — fo(@)]t,ds, Py, (s)) ds'

by [ tu0r, Py, (s') ds’ = 0. The result for U(x,t,) = u?(z,t,) follows from the fact that [u(z,t,)| has an
upper bound only depending on €. O

Proposition 3.5. Let F' € H?(Tq) with p > 1. Then for (x,r) € R™ x (R4)™, we have

”FHHP(TQ)
. <
(3.18) |F(x+in(r))] < 7| (0. 0)[1/7"

Proof. Given y € Q, write y = 7w(r) = ZTZl rue, € Q for some r € (Ry)™. Note that the disc
{z +iy + (su +ity)e, : |5, +it,| < 7.} is contained in the tube domain Tq. This is because r, +t, >
r, —7, = 0. Thus, we can apply the mean value formula for a smaller disc in the complex line Ce,, to get

. 1 . .
F(x +1iy) = Tz/ F(x+iy+ (s, +ity)ey) ds, dt,,
TV 0 s p+it,|<voru

where g is defined as in Proposition 3.1. Repeating this procedure, we get

dSmdtm cee dSldtl

g1,

Pt < [

[s1+it1|<vor1

/’VO“ /%’”m /V /Wm |F(z +iy + ZM 1(3u Hitedl g d
DR 1 S PRI 81.
YoT1 YoT'm YoT1 YoT'm PYO 1 T?n " "

/W1 /%T’" |F(z + iy + ZM pSueu H1D00  tuey)|
YoT1 YoTm

/ \F(m—l—iy—i—Zf:l(su—&—itu)eMH
[sm+itm|<vorm

Note that

dtp, ---dit;

70 L Tm

= dy',

1
SP
X (y) |R(y,r)| R(y,r)

F <x + Z Spey + i-)

p=1

m
F (sc + Z Su€u + iy’)
p=1
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by applying Proposition 3.2, where R(y,r) C . Apply the same procedure for the integral over sy, ..., S,
to get

el S e [ [ PG i)y
|R R(z.r) R(y,r)

1/p
(3.19) 7/ (/ |F (2" +1iy)[Pdz’ ) dy'
[R(O,0)[" P Ry ey \Jre

1
S W”FHHP(TQ)'

This concludes the proof of (3.18). O

3.3. Proof of iterated Poisson integral formula and harmonic control. Stein and Weiss [46,
Section 5 of Chapter 3] established the following boundary convergence theorem for H?(Tq) functions.

Theorem 3.1. Suppose F' € HP(Tg), 1 < p < oo, where ) is a reqular open cone in R™. Then, if O is
any cone whose closure is contained in QU {0}, we have
(a) limyeq, y—o F(x +iy) = F*(z) exists for almost every x € R™;
) Jan |F (@ +iy) — F(x)[P dz — 0 as y € Q tends to 0.

Moreover, if 0 is a polyhedral cone, 1 can be replaced by €.

Boundary limits of functions in H?(Tq) have the following Fourier spectrum characterization (cf. [31,
Theorem 2.1] and [46, Theorem 3.1 in Chapter 3] for p = 2).

Theorem 3.2. Let Q be a regular open cone in R™, and let f € LP(R™), 1 < p < 2. Then [ is the
boundary limit function of some function F(x +iy) € HP(Tq) if and only if supp f C Q*, where f is the
Fourier transform of f. Moreover, if the condition is satisfied, then

(3.20) F(z+1iy) = / 2t W) EF 6 gg.

Corollary 3.2. For two polyhedral cones Q and Q' in R™ such that Q@ C ' U {0}, one has H'(Toy) &
H(Tq).

Proof. Since To C Tor, HY (Tq/) € H(Tg) in view of definition (1.1). Note that (2)* ¢ Q* by definition.
Let ¢ be a smooth function supported in a bounded subset of Q*, but not contained in (')*. Set
Fy(z +1iy) = [ e @Hv)€y(¢) de. Tt is direct to see that Fy € H'(Ty), but Fy ¢ H'(Tqy) by Theorem
3.2. U

Proof of Theorem 1.1. For each fixed y € 1, there exists § = §, > 0 such that y - £ > §|¢| for any £ € Q*
(cf. [45]). Therefore, for z = z + iy,

Xa- ()™ F(E)| = ya- (O] FP()|e ™2™ < xqr (&)[FV(€)]e 218!,

Since F* € L'(R™) by Theorem 3.1, we have Fb e L>(R™). Hence, XQ*e_zﬂy'ﬁ € LY(R™). By the
Fourier spectrum characterization in Theorem 3.2, we obtain

—

(3.21) F(+iy)(€) = xa- () 2™ EFb (), ae. £ € R
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On the other hand, the one-dimensional Poisson kernel P;(s) = L 1 5> satisfies P,(1) = e=27tI7| Thus,
for f € L1(R"),

fﬁu(g) /Rn </f seu)Pt ( )d5> 27r1:c§dac

/ (/ f —27r1x 5d > _QWise”fPt“ <s> ds
]R'n.

= f(g) b (eu . g) = f(5)6_2”tu|eu'€|
by using Fubini’s theorem and changing variables. Iterating this identity gives
(3.22) Fr B(€) = J(€)e 2™ i tulewel,
Since supp}/?\b C Q* by Theorem 3.2, and e, - £ > 0 for any £ € 2, we have

Ztu|eu'§| Zt e -E=m(t)-&
p=1

on supp Fb Apply (3.22) to F® to get
FVs Py(€) = xar () F(§e™ 0%,
Comparing this identity with (3.21) for F(/Jr\ly), with y = mw(t), we obtain
o +in(t)) = F* x Py(x)

as L'-functions. Since F(z + im(t)) is smooth in z as a holomorphic function and F? x P is also smooth
by Proposition 3.3, the equality holds for every z € R™. This proves the theorem. 0

Proposition 3.6. Suppose F € H'(Tq). Then for 0 < q < 1, we have
(3.23) [F(x +im(t + €))7 < [fe]? x Pe(x),
for every (z,t) € R™ x (R4)™ and € > 0, where f.(x) := F(x + in(e)).

Proof. We first prove a one-parameter estimate. For fixed i € {1,...,m}, let b, denote the p-th standard
basis vector of R™ and let t) :=t —¢,b,, for t = (t1,...,tm) € RT. Set

(3.24) gou(z) = F(z +in(t™ + g)).

Since t") + ¢ € (R4)™, we have gy, € L'(R") N L>®(R") by the assumption F € H'(Tg) and Propo-
sition 3.5. By Theorem 1.1, g¢, = Fb Py 4. Using the semigroup property of the one-dimensional
Poisson kernels and the commutativity of partial convolutions, we obtain

(3.25) Gt *p Pr = F* % Py o % Pr = F* % Py, e = F (- +im(6) + 7Dy, + €)).

The equalities above first hold as L!-functions and hence hold everywhere by continuity.
+ E eu,o € R. Since g¢, € L*(R"), Fubini’s theorem and g;, €
L>(R™) imply that for almost every z+ € eu

(326) gt,u,a{:l (U) = gt,u(ml + O'EN)
belongs to L'(R) N L>°(R). For such an z+, define
(3.27) hei(2) == F(zt + ze, +in(t™ +¢)),  z€Cs.

Now write z = =t + oe,, with
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Since 7(t") + €) + (Im 2)e,, € 2, Proposition 2.1(1) shows that h,. is holomorphic on C.. Moreover,
(3.28) hys(o+ir) = (g4t * Pr)(0),
where 0 € R,r > 0, by (3.25). Consequently,

(3.29) sup/ |hyr (o +ir)| do < sup (|ge pwt * Prllovw) < 96,02 121 ) < 00.
r>0JR >0

Thus h,. € H'(Cy) and h, = g; ,, .o a.c. on R,
Now applying the classical one-dimensional subharmonic inequality for H!(C, )-functions [42, Corol-
lary 2, p. 221] to h,1, we get that for 0 < ¢ < 1,

(3.30) hgt (0 +ir)|? < (|9eper|?* Pr)(0),
where 0 € R, > 0. Taking r = t,,, we get
q
(3.31) |F(z+ in(t + €))7 < ‘F(~ +in(t® + ) ] w Py, (1)

for almost every z € R™. By continuity, the inequality holds for every x € R™.
We now iterate (3.31). Using the positivity of the Poisson kernels, we obtain

|F(z +in(t + €))7 < ‘F(~ +irt® + )| 5 P, ()

(3.32)

IN

q
‘F( +in(t™) — t3by + e))‘ *9 Py, %1 Py, (x)
CSAFC A im(@)| s P, 1 Py (2).

IN

Since the partial convolutions commute and f.(z) = F(xz+in(e)), we conclude the resulting inequality. O

Remark 3.2. The iterated Poisson integral formula in Theorem 1.1 and subharmonic inequality 3.6 can
also be proved by using the maximum principle as in [47).

Proposition 3.7. Assume that one vector in the generating system & = {e1, .. em} of a polyhedral cone
Q, say ey, is not parallel to any vector in the generating system £ = {e, ...

cone V. Then, H}, .o (R") # Hy . .e.(R™).

'/} of another polyhedral

? m

Proof. Since e is not parallel to any e’ the hyperplane ef is not contained in any (e})L. Hence we can

choose a point & € ef such that e 50 #0,j5=1,...,m. Choose a nonzero function 1) € C°(R")
supported in a sufficiently small ball around &y such that |e} &l >e>0,for & €suppp,j=1,...,m/,
and such that the restriction of 1 to ef is not identically zero. Set f :=1). Then, f € S(R").

Let u(x t) = f# Py--ox,, P, (x) for t € (Ry)™, where #), is the partial convolution on R™ along
the line e,. By (3.22), we have

m(f) = e 2m ET tilef €l (¢,
Since |e; -&| > ¢ on supp ¢, by integration by parts in the Fourier integral, there exists ¢y > 0 such that
fu(, £)] S 055 (1 [a) =),

If (2/,t) € T'g¢e(x), the non-tangential region associated to &', then |2/ — z| < Cj Z;";l t; for some
constant Cg > 0. If Z;nz/l t; < |z|/(2C5), then |2’| > |2|/2, and hence |u(a’,t)] < (1 + |z[)~(+D. Tf
2311 t; > |z|/(2C5), then |u(z’,t)| < e~“1l#| for some constant ¢; > 0. Therefore,

NE () (@) < (1 + |z))~@+D 4 e=erlal,
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We obtain Ng,(f) € L'(R"), and so f € H} .o (R™).
To show f ¢ Hp,. c(R"), set ho(s) := f(a+ ser) for a € ef,s € R. Then, h, € S(R). Since e; is
one of the generating directions of €2, N (f) controls the 1-dimensional maximal function along each line

a + Rey. More explicitly,

(3.33) Ng(f)(a—i—sel) > sug\ha*PT(s)L
>

This follows by taking the e;-parameter equal to r and letting the remaining parameters tend to 07 in
the iterated Poisson mtegral Now for a € e1, define G(a fR a + sep) ds. The Fourier transform of
G on the hyperplane e; is G( ) = f(n) ¥(n), for n € ei. Since Yler # 0, we have G # 0. Hence the
set E := {a € ef : G(a) # 0} has positive measure. Consequently, for a € E, [pha(s)ds = G(a) # 0.
So we must have [, sup,q|hq * Pr(s)|ds = 400 for a € E. Otherwise, the classmal max1mal—function
characterization would give h, € H'(R), and so [; ha(s)ds = 0 for a € E, which is a contradiction.
Therefore, by (3.33) and Tonelli’s theorem,

dz>//sup|h * P.(s)| dsda = +00.
R

Rn r>0

Thus Ng’B(f) ¢ L'(R"), and hence f ¢ H] . .-(R"). The proof is complete. O
4. THE MAXIMAL FUNCTION CHARACTERIZATION

4.1. Reduction of the Fefferman-Stein type good-)\ inequality to an integral estimate.

Theorem 4.1. Let f € LY(R"™). If B is chosen sufficiently large and NP(f) € LY(R"), then the
Fefferman-Stein type good-A inequality (1.14) holds.

By Lemma 3.1, the norms || N?(f)||r1(rn) are equivalent for different 3 > 0. The following is a direct
corollary of this theorem.

Corollary 4.1. For every fived 8> 0, [[S(f)||lo1®n) S HN'B(f)”Ll(]Rn).
To prove the Fefferman-Stein type good-\ inequality in Theorem 4.1, let
Es(\) == {z e R": NP(f)(z) < A},
for f € LY(R™) with NA(f) € L*(R") and A > 0, and let
" 1
Ag(N) = {x cR": Mit(XEE(A)C)(x) < 10Cs } ,
where Cj is given by (3.1). By definition, Eg(A)® C Ag(A)°, and so Ag(A) C Eg(A), up to a set of
measure zero. Moreover,

[As(N)°] S [IMis(xEs00e) 172 < ClEs(A)°,
by the L?-boundedness of iterated maximal function, where C' is independent of 3. Therefore, we have

o € B2 (1)) > A} < [ € As(N)° : S(N() > A+ Iz € A5(3) : S((@) > A
(4.1) 2
SOBOT 45 [, S0P

Consider the domains (see Figure 2)

(4.2) W= |J T@), and We= |J Ts)
IEA/;()\) IGEB()\)
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FIGURE 2. Domains Wy and Wﬂ

Proposition 4.1. (1) If (z,t) € W, then Pi(xg,\)(x) > 5.
(2) If we choose B sufficiently large, then there is a constant Cy € (0,9/10) such that for any (z,t) €

Wﬁc = (R" x (R)™) \/W/B, we have Pt(XEﬂ(/\))(x) < (.

Proof. (1) For (z,t) € Wg, there exists 2’ € Ag(\) such that (z,t) € I'(z’). Thus

1 1
Pe(xes(e)(x) < CoMi(Xp,00)(#) < Coggar = 15

by (3.1), and so Pt(}/EB(A))(:L’) = P(1— XEB(A)C)(:E) =1- PtN(XEﬁ(A)c)(SC) > %.

(2) Let (x,t) € W§. Given s € R™, since R(0,8t) = m(R(0,t)), it is clear that if 7(s) ¢ R(0, 8t),
then s ¢ R(0, 8t). Consequently, |s,| > Bty holds at least for one p. Thus,

0< Pi(xe;n)(x) = / XEs(\) (fb’ - Zsjej Py (s1) - P, (sm) ds
R o

(4.3) >/ o Putends, T [ Pus)as,

=1 vFEL

= C
< Z/ Py, (su)ds, < 30

p=1 [su|>BtL

for some constant C' > 0 independent of t, as 8 — +o00. Thus, by choosingvsufﬁciently large 3, we can find
a constant C1 € (0,9/10) such that Ps(xg, ) )(z) < Cp for any (x,t) € W§. The proof is complete. [

Note that the Littlewood-Paley area function (1.9) of f can be written as

) W 1/2
(4.4) S(f)(x) == (/ . tdtd) ,

V1P, %2+ km Vi Py, (2!
J*1 ViPy, o * b (7) IR(0,0)]
for all x € R™, by Proposition 2.1 (2). For t € (Ry)™ and = € R”, define a function on R™ x (R;)™:

(4.5) Up(2,6) := f %1 Py, %9 Vo Py, % -+ % Vi P ().
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Let ¢ be an increasing non-negative 42[0, 1] function such that

(4.6) op(ry=1 if r> %, ¢(r) =0 in a neighborhood of [0, C4]

(cf. [33, 39]). Observe that by Proposition 4.1 (1), for (z,t) € Wp, we have Py(xg,)(z) > 15
Therefore, ¢(Ps(XE,(x))(*)) = 1 and so

/Aam S @ e = /Aﬁm /rm
<
< /WB

:/ VA Uy (2, 8) 2 t dt dr
Wps

Fx1ViPy %ty Vi P | (2) o d

‘2 t dt da’
[R(0, t)]

_ _ 2
f*1V1Pt1*"'*mePtm’

(z') t dt dx’

</ 192U (2, 8) 26 (Pulxcm o) (&) t b der
R X (Ry)™

4.2. Estimates of integrals by differential identities. To prove the Fefferman-Stein type inequality
of Theorem 4.1, we need to estimate the integral in the R.H.S. of (4.7) in terms of integrals only involving
U,, instead of gradients of U;. This can be done by using differential identities to integrate by parts. We
first estimate the integral in (4.7) with x g, (1) and f replaced by their smoothing x. := Pe(XEg, (1)) and
fe := P<(f), respectively, and then take the limit € — 0.

Lemma 4.1. Let e > 0. Suppose that f. := f* P. for some real-valued function f € L'(R™), x. := x* Pe
with 0 < x <1 and 1 — x € LY(R"), and

(4.8) u = fox, Py, V= Xe ¥ Py,
Then, we have u(x,0) = f.(x), v(z,0) = x(x) and

@9 [ NaPEndyds S [ P@0@emo)de s [ ekl d
R™ xRy n R xRy

where ¢ satisfies (4.6), ®1 is an increasing €2[0, 1] function satisfying ®1 = 0 in a neighborhood of [0, C1]
and, for every r € [0,1],

(4.10) D1 (r) > [d(r)| + ¢ (r)] + 1" (r)]-

Proof. By direct differentiation, we see that

(X2 (1267 (1) =20(X2u - 62(0) + 2 XDuPg(0) + Su(0)d (0) XD - X[

o + 2020(0)6 (0) (XL 2o + 202(6 (0 + B(0)0" (W)XoP,

for a = 1,2, where (X,Sl),X,S2)) is the gradient V, in (2.9). Since u and v satisfy partial Laplacian
equation

(4.12) Aju =0, Ayv=0,
on R x R, by Proposition 2.1 (2), the summation of (4.11) over a = 1,2 gives us

IV uul*¢?(v) %Au(uQaﬁ?(v)) — 4ug(v)¢' (V) Vyu - Voo = u*(¢'(0)* + 6(v)9" (0))|V,0]?
:ITl + T2 + Tg.

(4.13)
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In addition,
1
ITo] < 75|Vl @* (v) + 2007 (v)? V0] = Tor + Tha.

The integral [, To1(x,t,)t, dt, do can be absorbed by the integral of the L.H.S in (4.13), while

xRy

Too + T3] < 40u*®F(v)|V 0|2

Then
/ IV, ul2¢? (v)t, dt, do < g / AL (W (0)t, dt, do
R xRy 9 R xRy
400
— w3 (v)|V 0l*t,, dt,, dz.
9 R xR

Since U = u?¢?(v) satisfies the assumptions in Proposition 2.3 by Corollary 3.1, we can apply Proposition
2.3 to U = u?¢?(v) to get

/ A (WS (),, dt, da = / W2 (z,0)6% (v, 0)) da.
R xRy n

The estimate follows. O

If we apply Lemma 4.1 to u = U in (4.5) with f replaced by f., there appears a term like

(4.14) / |VoUs|>®2 (v)|V 10|ty dty de.
R xRy
Here for £k =1,...,m, we define functions
(4.15) Ur(z,t) := fo*1 Py * -+ %3, Py %141 €k+1Ptk+1 ¥k %mptm (),

on R™ x (R4 )™, which satisfy
(4.16) V;CU]C(.'JSJZ) = kal(l‘,t),
by Proposition 2.1 (2). So we need the following estimate further to estimate the term (4.14).

Lemma 4.2. Keep the hypotheses and the notation of Lemma 4.1. Let

u(wvtuatu) = fe *u Pt“ *u Pt,,a ’U(l‘,tu,tl,) = Xe *pu Ptu *u th
for p# v. Then for fized t,,, we have
/ IV, ul?®F(v)| V0] ty, dt, de < / w3 (v)|V 0 dx
17 R” xR (@ tnsts) " (z,t,,,0)
+ / w03 ()2, (v) t, dt, dz,
R"XR+ (I,t“,t,/)
where

S (0) = [Vl 1V,0f? + 9,70,
and ®q is an increasing €?[0,1] function satisfying ®a = 0 in a neighborhood of [0,C1] and, for every
r € [0,1],

Do(r) = [@1(r)] + [ (r)] + @7 (r)].
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Proof. By direct differentiation similar to (4.13), we have the following identity:
Vol B30) [Vl =3 A (w2830) 19,0
— 4ud, (0) D, (V)V,u - Vo |V, — 4ud?(0)V,u- (V0 -V, V,0)
(4.18) —w(®)(0)” + 81 ()] (1) [V [ V0]
— 402, ()@ (V) V0 - (V0 -V, V,0) — 1282 (0) |V, V0]
=T +T2+T3+T4+T5+T6,
where V,u - (V0 -V, V,0) =301, X% xPo - xIxPv. Since U = u2®2(v) |V ,0|? satisfies

assumptions in Proposition 2.3 by the following Lemma 4.4, we can apply Proposition 2.3 to get

/ Ay (uQ@%(v) \V,LU\Q) tydt,dx = / u?®? (v) |Vﬂv|2 dz.
R*xR4 n

(a:,t“ ,0)

Apply the Cauchy—Schwarz inequality to get

/ Tot,dt,dzx
R xRy

by definition of ®5, and similarly

/ Tyt dt,dx
R XR+

The first terms in the R. H. S. above are absorbed by the integral of the L.H.S. of (4.18). The integrals of
T4, Ts, Tg are directly controlled by the second terms in the R. H. S. of (4.17). The lemma is proved. O

1
< 7/ IV, ul® ®2(v) |V 0> t,dt,de+C W2 ®3(v) |V, 0l |V ol tdt, de,
1 R™ xRy R xRy

1
< —/ \V,ul® ®2(v) |V 0] t,dt,de + C u?®3(v) |V, V 0|2t dt, dz.
10 R™ xRy R xRy

4.3. Estimates in the general case. If we apply Lemma 4.2 to the term (4.14), there will appear a
term like

(4.19) / |V5Us|* ®2(v) 212 (v) tadisd.
R™ xRy

Thus we need the following general estimates inductively. For a subset j of m, denote

(4.20) Siv) =Y V50l Vi,
IS

where the summation is taken over all partitions ji,...,j; of j, i.e. j is the disjoint union of j,...,j;.

Lemma 4.3. Keep the hypotheses and the notation of Lemma 4.1. For a subset j of {1,2,...,k — 1}
with a = |j|, let

(4.21) u(z,t,tr) = feo %5 Py, *x Pr, (2), v(x,ty, k) = Xe % P, *x Pr ().

Then for fized t; € (R4)*, we have

dz
(m7ti10)

/ IV 202 (0) 55 (0) tdtnda < / V2B (0)5(v)
R xRy

n
(z,t,t)

(4.22)
trpdtydx,

(@,t,tk)

n / W01 (v) S (0)
R"XR+
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where ®,.1 is an increasing €2[0,1] function satisfying ®,y1 = 0 in a neighborhood of [0,C4] and, for
every r € [0,1], @ay1(r) > |Du(r)| + |DL(r)| + |V (r)]. In particular, when j =0, &g = ¢ and Ty(v) = 1.

Proof. Note that A (u?) = |Vjul? and
1
5 0k(25(1) = (2a(0)5(0) + €4 (v)°) Vil
1
301V 0%) = Vv - AV, 0 + ViV, = ViV, 0,

by Apu =0 = Agv and ALV v = V; Arv =0 for any j, and k. It follows from direct differentiation
that

2 1 2 9 9 9 9 9
(4.23) Vi ®2 (0) [T | V5,0 =50k w2 () [[ V0| | + To+Ts = T1 + To + Ts,
B B

where

v

Ty := — 4u®, (v) @), (v)Viu - Vio [ ] |Vi,0]*
B
- 4U(PZ(’U> Z Vku . (Vija’U . Vja’l}) H ‘va’Q = Tgl + TQQ,
« B#a

(4.24)

are terms involving first-order derivatives of u, and

Ty = — u?(@4(0) @ (v) + ©, (0))| Vi T | Vi,0]”
B
- 4U2®a(u)®;(v> Z Vv - (Vkvjav ’ Vjav) H |Vj/5v‘2
o Bra
(4.25) —w?@2(0) Y[V, o [T V50
o Bta
2
— 4u*®2%(v) Z(VijaU Vi) - (Vi Vi v-Vj v) H |V;,v]
aFty B#a,y
= Ty + T + T3 + Tha,
are terms only involving derivatives of v.
Since U = u?®2(v) s |V;,v|* satisfies assumptions in Proposition 2.3 by the ensuing Lemma 4.4,
we can apply Proposition 2.3 to get the integral of Ty controlled by the first term in R.H.S. of (4.22).
Similarly, by applying Cauchy—Schwarz inequality, we have

y 1
/ |To1 (2, t5, t1,) |t dtpda < —/ Viu*®2(0) [ | V5, 0| trdtyda
R™ xRy 10 R xRy

B
+C u2<1>i+1(v)|vkv|2H ’Vm?)’ztkdtkd([:,
R™ xRy 8
(4.26)
3 1 252 2
|T22($,tj,tk)‘tkdtkd$ S — |V;€u\ (I)a(ﬂ) H ’Vjﬁv| tk dtkdac
R™ xRy 10 Jrnxr, 3
+C w?02(0) S (Vi o I |Viao] trdtude.

R™ xRy o B
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The first terms in the R.H.S. of (4.26) can be absorbed by the integral of the L.H.S. of (4.23). The second
terms in the R.H.S. of (4.26) can be controlled by the second terms in the R.H.S. of (4.22), by definition
of Eju{k}-

The integrals of ng’s are controlled directly by the second term in R.H.S. of (4.22) by applying the
Cauchy—Schwarz inequality. The estimate (4.22) follows. O

Lemma 4.4. Let ¢ > 0 and let u,v be given as in Lemma 4.3. Then, for each partition j1,...,j; of j,
U =u?®2(v) s |V, v|? satisfies the conditions in Proposition 2.5.

Proof. We claim the following facts:

(4.27) u? and |Vj5v|2 satisfy the conditions in Proposition 2.3,

’ v and all its derivatives appearing below are uniformly bounded.
This is because we can apply Corollary 3.1 for u = k to u = fo %) Py, % Py, = (f *j Py,)e *x Py, with f
replaced by f *j Py, which belongs to LY(R") for fixed t; € (R4 )* by Proposition 3.4. Note that

v)[iv(x tlﬂtk) vj[f (XE *j Ptj *k Ptk) = (vj,’i (X *j Ptj))e *k Ptk’

where the last identity follows from the commutativity of differentiation and convolution, together with

the semigroup property of Poisson integral. On the other hand, since 1 — x € L'(R"), we must have

Vis (X #5 Py,) = Vi ((x — 1) % P;) € L'(R™) for fixed t; € (Ry)® by Proposition 3.4 again. So we can

apply Corollary 3.1 to obtain the clalm for [V;, v v|?. By the same reason, tzafk Vj,v is uniformly bounded.
Now for vector fields X = Xy, 0y, , tx0;,, we have

XU = (X (u?)®2(v) + 2u*®a (0), () Xv) [ V3,01

+ Zzﬂqﬂ X(IVi, o) I 1V,
Bta

Then, ViU (-, tx) € L*(R"™) because ®, ®’ are bounded, and each term above contains at least one LN L>
factor and all remaining factors are uniformly bounded by (4.27).

We also have X, U(zt + seg,t;) — 0 as s — +oo for almost all 2+ € e, because Xj(u?), Xxv and
X5 (|V;,v[*) have this property. Similarly, V¢U(-,t) € L' (R™) for a = 0, 2.

limy, 400 [[8207 U (-, tk)| L2y = 0 for b = 0,1, because u?, t40y, (u*) — 0 in L*(R™) as t, — +oo by
(4.27), and other factors in (4.28) are all bounded by a constant independent of z, ;. By (4.27) again,

u2<'7tk) — u2('50)7 |vjﬂvl2('atk) — |vjﬁv|2('70)a

in LY(R") as tx — 0, and ®2(v)(-,tx) — ®2(v)(+,0) a.e., which is bounded. Consequently, U(-,tx) —
U(-,0) in LY(R") as t; — 0. Similarly, t,0,, U(-,tx) — 0 in L*(R") as ¢, — 0. O

(4.28)

4.4. Proof of the Fefferman-Stein type good-)\ inequality.

Proposition 4.2. Let ¢ > 0. Suppose that f. := f x P- for some complex-valued function f € L*(R"),
Xe := XE * Pe with E° having bounded measure, and v(x,t) = xcxP;. Then, we have the estimate

(4.29)

IZ/HW(R+)M| w(fe % P) > 9% (v)tdbdr < Z/ |Pe, ()P @7 (v) %5 (v) tydt;de,

R7 x (R4) 1l
(R+) (2,05¢,t5)
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where the summation is taken over subsets j of m, Xj(v) is given by (4.20), i° :=m\ j, and @y is taken
as in Lemma 4.3. In particular, when j =0, ®g = ¢, ¥g(v) =1 and Py, (f:) = f-.

Proof. Applying estimate (4.9) in Lemma 4.1 to the real and imaginary parts of Uy (x,t1,tn,) given by

(4.15)-(4.16) for fixed ty,, where my is defined in (2.11), we get the integral I in (4.29) can be estimated
as

I :/ / VAU (2, b1, by )| 02 (0) 1 dty ds b, db,
(R+)WL—1 R”XR+

(4.30) S / ( / U103 (v) [Vio?|  tdtdo + / U129 (v) dz | tm,dbm,
(Ry)m—1 R™ xRy (2,t) " (z,0,tm,)
_ / U2 02(0) [Vaol2|  tdtda + / U2 62(v) by b, .
R7 X (Ry)™ (2.8) R7 x (Ry)™m—1 (.0,tm,)
We claim that
k—1
(4.31) IEDIDIL
a=0 |j|=a
where the summation is taken over all subsets j of {1,2,...,k — 1}, and
(4.32) O [Ui—1]? @2, (v)5(v) ti0my dtjum, A,
) R xR R lil k k
+

(z:05¢ ,t50my,)
k=2,...,m+1. Here ¥j(v) =1if j =0, Uy is given by (4.15), Ux—1 = VUi, m = {k,...,m}, and
i = {1,2,...,k—1}\j.

Let us prove the claim (4.31) inductively. (4.30) implies that the claim (4.31) already holds for k = 2.
Assume that (4.31) holds for a positive integer k < m. Let

u(z, by, ty) = f; i Py, 1 Py (), 0(x, b5, tk) = Xe ¥ Py, *x Pr, (2),

for fixed t where

Me410
fo(@) = fe %1 Vg1 Poy % %m Vin P (2), Xe(@) = Xe a1 Py %+ % Br (2).

Note that f. € L'(R") by applying (3.16) repeatedly, and similarly, 0 < Y. < 1 and 1 — x. € L}(R").
Moreover, their L!-norms are independent of t since || P|| @) = 1. Then, by definition,

Urkl(@.0;¢ tyom,) = 0@ b, 1), 0l(.0¢ tyum,) = 02 b5, )
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for fixed ty,,,,. Hence, for each tj and ty, ., the hypotheses in Lemma 4.3 are satisfied. So we can apply
the estimate (4.22) in Lemma 4.3 to u = @ and v = v for fixed t; and t
trdtide tijkHdtijkJrl

. - - ~
s+ :/ , / |Vial* ®f; (9)3(0)
(R_*_)mfk'ﬁ%ﬂ R xRy (x,t5,tx)

~12 ~ ~
L O G
R xR

to get

Met1

tkdtkdl‘> tiumpy 1 Atumy
(x,%,tk)
Thus,

tijk+ldtijk+1d$

k
s — / U 9 (0)35(v)
(Ry)ym—k+1il

(QZ,O-C

g1 7tjumk+1)

2
" /Rnx(R ym—ktl+1 Uk (I)\Qﬂ-‘-l(v)EJU{k}(v)
)k

(wyoji ,tiumk)

_ alk+1) (k+1)
_Si + Siu{k}'

It follows that
k—1 k
k k+1
PIPDEED DD D
a=0lj|=a a=0|l|=a
by definition, where the summation in the right hand side is taken over subsets [ of {1,2,...,k}. The

R.H.S. of the estimate (4.29) is exactly (4.31) for k = m + 1, since Up|(z,0,c,t,) = Px; (fe) and m,, 11 = 0
by definition (4.15). O

The integrals in Proposition 4.2 can be further estimated as follows.

Lemma 4.5. Assume as in Proposition 4.2. Then for a nonempty subsetj of m, E = Eg(\), and A > 0,
we have

(1.33) [ PP Pse)|  tdtds S 2BV
xRV (2,0;¢ ,t;)
Proof. For ®;(Pg,(x<))(x) # 0, we have
Pye(X)(2) = P (xe) () > C

by definition of ®;;. Here, by abuse of notation, we denote (0jc, t;) by t; briefly. Consequently, (z,t;+¢) €
Wpg by Proposition 4.1. Hence, there exists 2’ € Eg(\) such that (z,t; +€) € I'g(z’), and so

[P, (fo)(@)] = | Py +e(£)(2)] < NP(f)(2') < A

Therefore,

/ (R4 [P, (F2)P 5 ()% (v) fdtidz <C 3 )\2/ V5,07 -+ V5,0 t;dt;dx
xRy .

R7x (R )V
(z,t5) J15 50 (2.t;)
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where C' = max{®2(r) : r € [0,1],a = 1,...,m}, the summation is taken over partitions ji,...,j; of j,
and
v(@,85) = Py, (xe)(@) = Pey+e(X) ().
Recall that | Py, (k)| S M,(h), [t,V P, (h)| S M, (h) for h € L*(R). This together with

Vi v(@, ) = Xe #i, Py, %0 Vig Py, %%, Poy, = Vi, (Xe %0 By, ) *e,,, Bo

Nia?
by the commutativity (2.4) of partial convolutions and (3.1), implies
2
|t v U z, t ’ Nia (tjavjaptja (XE)) (l‘) ;
where j \ j, is the complement of j, in j, and Mj;, = M, o---o M, is an iterated maximal function if

- . . . ) . . . dtgy ---dt;,
P\do = {1 pie} (= i = lial). For a subset j = {j1,....ja} of m (a = |j}), denote % = % b

Then,

J17"a

l

2 2 2 . dt;
/ V50 |V tdtda S / 1T M. (6.5, Pe,, (xe)) | dxt—ﬂ
R™ X (R )11 R"X(R+)\l\ j

a=1

dt
-/.] / My, (65,95, P, (00)) [ e
n (Ry)lial

Ja

l l 1
2 dt;
< P (1— Jo ) (g
_01;[1 /Rn (/(]Ra+ el Mo (. . (1 - Xe)) t;,, ) !

U / 1—><s)d:vl

ST = Xell Farggny = 11 = X)e Tt (any
<1 = X[ Far gy = [E(N)°I-

by using Holder’s inequality, the vector-valued inequality for the Hardy-Littlewood maximal functions,
L? boundedness of partial Littlewood-Paley g-function in Proposition 2.2, and Young’s inequality. O

Proof of Theorem 4.1. Recall that Eg()\) = {x € R™ : N®(f)(z) < A}. Since N?(f) € L*(R"), we have
|Es(A)€] < co. For € > 0, set

fe=fx*Pe, Xe = X * Pe, ve(r,t) = X x Pi(w),
where x = xg, (1) and € = (¢, ...,¢). Then v.(x,0) = x.(v). By Proposition 4.2 and Lemma 4.5,
(4.34) / Ve (fe  Po) ()] ¢* (v, t)) t dt da 5/ [fe(@)P¢* (xe (@) da + N?| E(N)°].
R”X(R+)"” Rn
We claim that
(4.35) |f(@)[?¢° (xe () < ANP(f) ().
It is trivial where ¢(x.(z)) = 0. Otherwise, since ¢ = 0 on [0, C}], we have
Xe(2) = Pe(XE,(0)(2) > Ch.

By Proposition 4.1(2), this implies (z,¢) € Wg. Hence there exists ' € Eg()) such that (z,e) € T'z(2’).
Therefore

|[fe(@)| = |f * Pe(x)] < NP(f)(a') < A
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On the other hand, since (z,e) € I'g(x), by the definition of the nontangential maximal function,

|[fe(@)| = |f * Pe(x)| < NP(f)().

Thus, on the set where ¢(x.(x)) # 0, | fo(z)]?> < ANP(f)(z). Since 0 < ¢ < 1, (4.35) follows.
By the smoothness of f x Py(z) and x * P;(x) in Proposition 3.3 (c), we have

Vin(fe * Pe)(2) = Via(f * Pete) (@) = Vi (f * Pe) (),
ve(x,t) = X * Poge(x) = x * Po(x) = v(z, t),

for every (z,t) € R™ x (R4)™, as ¢ — 0. Note that by Proposition 3.3, x-(z) — x(z) for a.e. z € R™, and
fe = f in L*(R™). Therefore, there exists a sequence ¢; — 0 such that f. (z) — f(z) for a.e. 2 € R"™.
Hence, by Fatou’s lemma, and (4.34), we have

/ |Vm(f*Pt)(m)|2¢2(v(x7t))tdtdx§liminf |Vm(f5j >c<Pt)(x)’2(bQ(ij(x,t))tdtdx
R x (Ry)™

IO JRrx (Ry )™

< liminf / e ()20 (xe, (2)) daz + N2|E5 (M)
J—00 Rn
= [ 1F@PRE e do -+ 2185 ()

< / NA(f) ()2 do + N2|E(V)°].
Eg()\)

Here we used the dominated convergence theorem with the controlling function given by (4.35), the fact
that |f| < N8(f) a.e., and ¢?(x) = XEs(n)- Finally, substituting this estimate into (4.7), together with

(4.1), we get
o SN > M S B+ 5 [ NP

Since Eg(\) = {z : NA(f)(z) > A}, this is exactly the inequality (1.14). The proof is complete. O

5. $-VALUED LITTLEWOOD-PALEY g FUNCTION AND S FUNCTION

5.1. The Plancherel-Pélya type inequality for $)-valued functions. Let $) be a separable Hilbert
space. A $-valued function is called simple if it can be written as 25:1 XA, Tn, Where z,, € § and
A,, C R measurable with |A,| < oo for each 1 <n < N. A $-valued function f is strongly measurable if
there exists a sequence {1, } of simple functions such that ¢, — f almost everywhere on R. A strongly
measurable $)-valued function is said to be Bochner integrable if there exists a sequence of $)-valued simple
functions {1, } satisfying lim, o [p ||f(#) —¥n(x)||sdz = 0. The limit is defined as the Bochner integral
of f, denoted by [, f(z)dx :=lim, o [ ¥n(x)dz. Let {h1,ha,...} be a complete orthonormal basis of
$. Then, we have the expansion

(5.1) Ha) = fil)hi,  filw) = (f(@) hi)s
i=1
which converges pointwise. f; must be measurable by the approximation of simple functions.

For 1 < p < oo, the space LP(R, $)) is defined as the linear space of all equivalence classes of strongly
measurable functions f such that |[f||lrrr.s) = (fg Hf(x)”%dw)% < o0o0. They are Banach spaces (cf.
[25]). In particular, L3(R, ) is a Hilbert space and Hﬂl%?(ﬂ&ﬁ) =y, Hfiuiz(k)' For § € LP(R, $), let
fn = Zf\il fihi for N € N. Then, |fxy — fl|zr(r,s) — 0. This follows from the dominated convergence
theorem [25, Proposition 1.2.5] for Bochner integrals, since ||fy () — f(2)]ls < [|f(z)|ls a-e.
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For fixed 0 < 8 < 1 and v > 0, we say that § defined on R belongs to M(8,~,r, xo; $) with » > 0 and
xo € Rif it satisfies [, f(z)dz = 0 and
/r'y

(r+ |z — xo|) 1+’

/ B ~
- +|x—a:0\
— (2] < C o — | r f _ < T T ol
|f($) f(x)‘ﬁ_ (T ‘ 0| (r | 0|)1 3 or |x x| 5

li(x)ls < C

(5.2)

Denote [[f|| p(8,v,r0:9) := Inf{C : (5.2) holds}. It is a Banach space as in the scalar case. In particular,

M(67’Yara 'TO) = M(ﬁa,y;ra xOvR)
Recall the Calderén reproducing formula (cf. e.g. [21, Section 2.3])

+oo dt
(5.3) g=/ PeEperg s
0

for g € L*(R), where p; := —t2t, and ¢ € S(R) is an even function satisfying
(1) supp ¢ C [-1,1];
(2) [ps®p(s)ds =0 for a =0,1,2;

(3) 2m J; e7mR(6) de = 1.
Now define convolution (¢ * f)(z) = 3,(¢ * fi)(z)hi, for ¢ € L*(R) decaying like the Poisson kernel.
Notice that ¢ f € LP(R, ) for 1 < p < oo if f € LP(R, $). This is because

2

||¢*f||’zp(R,m=/R<Z|mfﬂ(x)> dxg/R<Z|M(fi)|z(x)> da

by the vector-valued inequality for the Hardy-Littlewood maximal functions. We have the Calderén
reproducing formula for $)-valued functions on R:

Proposition 5.1. Let o, = 1¢(;) . For f € L*(R,$), we have
T “+oo
. dt dt
(5.4) f=_lim @t*pt*f?::/ <Pt*/7t*f7a
0

T—+oo c
e—40

where the limit exists in the sense of L*(R, $).

Proof. For 0 < ¢ < T < 0o, define first an operator on L?(R):

r dt )
(5.5) Cer(g) == / Pr¥perg s g € L*(R).
€
By Plancherel’s theorem,

1Cr(9)lL2®) = lme,r(§)g(E) 2@ S ll9llL2 ),
where the implicit constant is independent of € and 7', and

T T|¢]
mea©:= [ 0900 T = [ " e0m® T

le] t
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is uniformly bounded. Now define operator on L?(R, §)) by acting on each component:

N T dt

Cer(f) == NETOO Cer(fi) hi = NEIEOO Pr * pp* N 7
i=1 e

This series converges in L?(R, $)), and C. 7 is uniformly bounded on L*(R, $) by

ICea (D 2msy = 2 NCex(FilFem S D NfillZam = Il 72k.5)-
i=1 i=1

It remains to prove the convergence to f. For each fixed N, the scalar Calderén formula applied to
fisoo [ gives Cor(fn) — fv as T — 400 and € — 07 in L?(R, $). Using the uniform boundedness of
C., r, we obtain

I1Cer(F) = flleew,9) < NCer(F— )2,y + |Cer(n) — Inllzz sy + [IFv — fllz2m.0)
S —=inllzz@s) + 1Cer(in) — inllLer.0)-

First choose N large enough so that |[fx — f|z2(r.s) is small, and then let T — +oo and ¢ — 0F. It
follows that C. 7(f) — f in L3(R, $). O

We have the following wavelet Calderén reproducing formula for L?(R, §3)-functions. See the appendix
for its proof. In the sequel, for j € Z, a dyadic interval I with length ¢(I) = 2=*U+TN) means I =
[0,27¢0+N)] 4 12=2U+N) for some | € Z. Here we take closed dyadic intervals for later convenience.

Proposition 5.2. For fired 0 < 8,7 < 1, there exist a fixred small « > 0 and a large integer N such that
for each dyadic interval I with length ¢(I) = 2-2U+N) i e Z, and every fized point x; in I, there exists
dj(x,xr) € M(B,7,27% 21, 9) with ||¢;(x, 1) || pm(,y,2-07 21:6) uniformly bounded such that

(5.6) F=> > Hudi( )

JEZ I
holds for §f € L*(R, $)), where the summation is taken over dyadic intervals I with length ¢(I) = 2=*U+N),
and

1 g—ai—1) g—ai—1)

~ dt
(5.7) fjst = cal(D)|pj * f(zr)ls,  pji=— Py Ca :/ - =aln2
2

Co Jo—aj —aj

The series in (5.6) converges in L*(R, ).

We also need the Calderén reproducing formula with compactly supported :

+oo dt
(5.8) f= | Py x Py % f?7

for any f € L%(R, $). Here we can require ¢ to be smooth and compactly supported. This can be proved
exactly in the same way as Proposition 5.1, just using the scalar Calderén reproducing formula with
compactly supported ¢ instead of (5.5). For $-valued functions on R, the S-function associated with
and g-function associated to the Poisson kernel are defined as

+oo x, % +o00 %
Sw(f)(l‘) = (/0 /|a:—ac’<t [l >|<ﬂ|_2¢J (x/)dtjt> and gp(f)(x) := (/0 || s * f”?ﬁ (x)izt) ,
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respectively, where ¥ (x) = %w(x/t) See, e.g. [23], for vector valued Littlewood-Paley g function and
S functions. The wavelet Calderén reproducing formula (5.6) yields the following Plancherel-Pélya type
inequality (cf. e.g. [21, Theorem 2.16-2.17] for the scalar case).

Proposition 5.3. Let a > 0 and N as in Proposition 5.2. For a fivzed Co > 0 and every § € L*(R, §),

1

—a(j—1) —a(i—1)
2 2 dt

dt
S [ s @B Eu0 ) | s ot [ @i Foo) |

jez.I u€Col jezI
Lt Lt

where the summation is taken over all dyadic intervals I with lengths £(I) = 2-2U+N) v} is the indicator

function of I, and Col is the interval with the same mid-point as I and with length Col(I). The implicit
constant depends on o, N and Cy.

This inequality actually holds for certain distributions, but here the inequality for L? functions is
sufficient for our purposes. See the Appendix A for a proof.

5.2. The estimate |f|11 < |lg(f)]|:. We first use the Plancherel-Pélya type inequality to prove the
control of the S-function by the g-function for $-valued functions.

Proposition 5.4. For f € L*(R,9) with gp(f) € L*(R), we have Sy(f) € L*(R) and [|Sy(f)||lpr ) S
lgp (Pl @)

Proof. We can write

o—a(i—1)

da' dt
t b

SN

JELZ 1

/ xel@ — &)l * (@) s ()

where the summation is taken over all dyadic intervals I with lengths ¢(I) = 2-*U+N), Note that there
exists a fixed constant Cy depending only on a, N such that for 2% <t < 2-*U=1 and 2/ € R,

xe(@ — &) @) loxr(2) < xalx — ) sup [« f(w)lloxr(z).

Therefore, we have

1
g—ali—1)

dx'dt
1Se Ml < | [ S53 / / (—a') sup [ * F@l3xr()
oj ueCol t
JEZ I
LY(R)
g—a(i—1) dt B
~VE[SE [ s e iBut)f
jez 1 ueCol
L(R)
3
g—a(i—1)
dt

<
SHUESmt [ st Frae)

jEZ I

LY(R)
2~ a(j—1) dt %

SIS teesion T = lgr(Pllesce

JjeEZ I

L(R)
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by the Plancherel-Pélya type inequality in Proposition 5.3. O

Proposition 5.5. For any f € L*(R,$) with Sy(f) € L'(R), we have f € L'(R,9) and |[fr1r,5) S
15y (Dl 1wy -

Proof. This can be established by atomic decomposition for $-valued L? functions with L! integrable S-
functions, which follows from atomic decomposition of the vector-valued tent space T (cf. [27, Theorem
4.5]) and the Calderén reproducing formula (5.8). We omit details. O

Proposition 5.4 and 5.5 imply the following corollary.
Corollary 5.1. Forf e L*(R, ) with gp(f) € L*(R), we have f € L*(R, ) and |[f]| 12 r.5) S lgp (Pl 22 (r) -

Proposition 5.6. For f € L*(R") with g(f) € L'(R™), we have f € L'(R") and |/f|rirn) S
(NIt gn)-

Proof. Let $ := LQ((RJF)’"’1 dtt'”) with the usual L?-norm. It is a separable Hilbert space. By Propo-
ma

sition 3.3 and the estimate (3.15), f- := f x P. is smooth and belongs to L* N L°°(R™). Moreover,
g(f-) € LY(R™) since

1/2
(59) o(2) = ( [ Tl P (x)tdt> < (/)

by definition (1.10) and changing variables. So we can assume at first that f is smooth and belongs to
L? N L>®(R").

Note that f is measurable in each line by continuity, and f *,t,0;, Py, (z) exists at every (z,t,) by the
boundedness of f. It is direct to check f,,t,0;, P;, () is continuous in (z,t,) and belongs to L2NL>(R™)
uniformly. Repeating this procedure, we see that f x, tuat“ Py, %oy, tmOt,, P;, (x) is continuous in
(@, tu, -+ ,tm). Now define measurable functions

foi (8)(t2y - osti) = f %2 120y, Pry % -+ Hn tm 0y, Pr,, (a7 + se1).
For almost all 2+ € ef, f,. is $H-valued because

(5.10)

dt
[ e @asar = [ f P st P o+ sen) | s
Rﬂ.fl R n (R+)mfl t

mo
< lgma (HI1Z2 S 1 f 1122

by Proposition 2.2. Consequently, f,» € L2(R,$) for almost all 1 € e;-. On the other hand,

d 3
gP(wa)(S) = (/R ||f:vi * tlatlptl (S)H?J ttll>

2dtm2dtl>2

(511) = / |f *9 t28t2pt2 Koo Ky tmathtm *1 tlﬁthtl (IEJ' -+ 861)|
(R4)™ my 1

1
2

= (/ |f*lat1Pt1*2'*m8thtm|2 (ml‘i_sel)tdt) Sg(f)(wL+Sel),
(Ry)™
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by the commutativity (2.4) of partial convolutions along lines. Consequently, by g(f) € L'(R™), we see
that gp(f,.) € L'(R) for almost all z+ € ei. Now applying Corollary 5.1 , we get f,. € L'(R,$) for
almost all z € ef, and

/Rn_1 /R [ferlls (5) dsda™ < /IRH_1 /]RQP(me)(S) dsdzt < /ng(f)(:cL + sep) dsdat.

It can be rewritten as

dbwm, |
L[ 1rtduP s tnds, P @F £ ) do S ooy
n (Ry)ym—1 th

dt

If we define $; := LQ((R+)m*2, T ) with the usual norm, then as above,

m3

m3
fl;r’(s) == f *3 t38t3Pt3 KooKy tmatmptm (17/ + 562)

is measurable and defines functions §1.,» : R — §; for almost all 2’ € es. Similarly, as in (5.10)-(5.11),

we get f1..» € L2(R,$1) and gp(f1..r) € L' (R) for almost all 2’ € ey, and

dt
/ / |f *3 t304, Py % - %ty Py, (2)F 22 | dx
n (Ry)m—2 tm3

1

[N

dbm, \
</ ( [ ratadh P st Poy o) ) a5 lo(h)ll o2 ey
n (R+)7n—1 mo

Repeating this procedure, we finally get

m

1
dtm \°
£l S [ ( [ 155t 2, <x>|2t’”> 4z 5 () oy
R'N R+
For the original function f, apply the preceding estimate to f. = f * P. to get

Il fellrmny S Ng(fllzr@ny S N9(H)IILr@ny,

by (5.9). Since f € L?(R"), we have f. — f in L?(R"™) by Proposition 3.3 (a). Hence, after passing to a
subsequence if necessary, f.(z) — f(z) for a.e. . By Fatou’s lemma,

Al 2 ey < Hmnf{| fell o my S g Lrn)-
The proposition is proved. O
Corollary 5.2. For f € L*(R") with g(f) € L*(R"), we have f € L*(R™) and

sup  ||f * Pellpiwey S 19021 mn)-
te(R4)™

Proof. Since (| 7(P, ... P, )||lp1@ny = 1 forevery t € (R )™ by (3.13), we have || f+ Pe|| L1 zny < || fll 21 ®mm)
by Young’s inequality. Then the result follows from Proposition 5.6. g
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6. PROOF OF THE EQUIVALENCE OF VARIOUS CHARACTERIZATIONS
In this section, we prove the equivalence of various characterizations in Theorem 1.2.
(1) implies (2). Let f. := F(- +in(e)) € L*(R™). Then, |f.|9 € L"(R") with r = % > 1, if we choose
0 < ¢ < 1. Apply Proposition 3.6 to get
[Fla+in(t+e)|" < 1] 5 Po(a)
for (z,t) € R™ x (Ry)™. Then

sup [P’ +in(t+e)|? < sup  [fe]Tx Pe(2') S Mg (| f]") (2),
(z’,t)€T s (w) (z,t)€T 3 (x)
by the analogue of (3.1) for I'g(z), where Mj; is the iterated maximal function on R™. Therefore,

sup |F(z' +im(t +¢))[?
(2, t)€T3(x)

(6.1) S IMe (1IN e eny S N N2 @ny = I fellr @y,

L7 (R™,dx)

where implicit constants are independent of F' and e. Letting € — 0 in (6.1), we obtain

T

sup  |F(a/ +in(t))
(z',t)els(x)

lim sup |F (2 + in(t))]?
=70 (2" £)€(0,6)+T 5 ()

L' (R™,dx) L7 (R",dz)

(6.2) o '
sup |F(z" +in(t +¢€))|?
(2’ )€l (x)

< liminf
e—0

L7 (Rn dx)

S ligl_)%lfuszLl(R")

by Fatou’s lemma, since domains (0, &) + I'g(z) are increasing when € | 0 and the limit is the set T'g(z).
Since 7(e) € 2, we have |fzllus ) = | F(-+ 17(€)) | 1 gy < IFllar (- Therefore, [N2(F)|lzs ey <
[ F [ e () -

(2) implies (3). First, |F(z +iy)| < N?(F)(x) by the definition of non-tangential maximal function.
Hence,

sup/n |F(z +iy)| do < /n NP (F)(x) dz.

yeQ JR

Thus, a holomorphic function F on Ty satisfying N°(F) € L'(R™) belongs to H'(Tg). Consequently,
F(z +iy) — 0 as |y| — +oo in yo + Q for any fixed yo € €2, by the boundary growth for H! holomorphic
functions in Proposition 3.5. Now we can apply Theorem 1.1 to get F(z + im(t)) = F° % P, with F® €
L'(R™). Then, it follows from Corollary 4.1 that ||S(F)||p 1) = [|S(F")|lLr @y S [INP(F)|| r@ny =
IN?(F) o .

(3) implies (4).
We first prove a real version of pointwise control of the g-function by the S-function.

Proposition 6.1. For f € L'(R"), we have g(f)(z) < S(f)(x).

Proof. By translation invariance, it is sufficient to prove the inequality at « = 0. Let u(x,t) :=
f* P(x),z € R",t € (Ry)™. By Proposition 2.1, we have Aju(z,t) = 0,4 = 1,...,m. Thus, each
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component of Vyu(z,t) is harmonic in the half-plane spanned by e,, and ¢,,. Hence, for fixed t € (R4+)™,
repeatedly using the mean value formula gives

22m

(6.3) Vau(0,t) = m—/ Vall shej,t' | ds’ dt’,
m Wng t%...t%ﬂ Dy (10t1/2) XX Do (ot /2) m Z At

where Dj(r) = {(s},t}) : |sj[> + |tj — t;|> < r?}. Notice that, if (s},t}) € Dj(yot;/2), then t; ~ t/

and |s| < 7ot;. Applying the Cauchy-Schwarz inequality to (6.3), and then using Fubini’s theorem, we
obtain

9*(£)(0) = /(R . V(0 8) %t dt

2

S dt
,S/ / Vit siej, t' || ds'dt ———
(Ri)™ J D1 (y0t1/2) %X D (Yotm /2) ; bt

Jj=1
2
m
5/ / / ml g e],t' ds’ dt’
(Ry)™ |5/1‘§"/0tl1 [s7, 1<v0t), j=1

Then, by Proposition 3.2, we get

FOOE [ Tl O 2w O

t’' dt’
|Vu(z',t))|? do’
/R+ m/ RO&) |R(0,t")]

B ;o b dt da _ @
= [, [ O g = S0,

Here the last inequality follows from Proposition 3.2 and (3.5). Therefore g(f)(0) < S(f)(0). By
translation invariance, we get g(f)(z) < S(f)(z), for x € R™. The proof is complete. O

The pointwise control of the G-function by the S-function for holomorphic functions follows by applying
the same argument to u(x,t) = F(z + im(t)), since w is harmonic in every half-plane spanned by e, and
t,, by Proposition 2.1 (2), and so is each component of V,u. Hence G(F)(z) < S(F)(x).

(4) implies (1). For 0 < e < M, let

Foy(z +im(t) =Y (- F(z +ir(t + M;))

j
(64) t1+M tm+M
_ / / Oy - Oy, (Fla +ir(t))dt',
t1+e tmte
where the summation is taken over all subsets j of {1,2,...,m}, and
M ké¢j
M, = (Mi,..., M,,), M= ’ %
) ( 1 ) ) k { e, ke j.
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By applying the Cauchy—Schwarz inequality to (6.4), we get

t1+M tom+M
( / / EM ---8t;n(F(x+i7r(t’)))2t’dt’>
t t

1+e m+E€
< (m M> G(F)(z) < 0.

1
2

ol

|Fon(z 4 im(t))] < <1n M)

e

S
Thus,
. M\ %
(6.5) sup P4 O s < (0 2) IS sy < o
te(Ry)™ £
From (6.4) we can see that
(6.6) Foy(z+iy) =Y (DI F( + iy + in(M;))

j
is holomorphic on Tq. Thus, F.yr € HY(Tg) by (6.5). Then, by Theorem 1.1, we get
Fop(z+in(t)) = foar x Pe(2)
with some f.p; € LY*(R™). Fix § > 0 and write § := (§,...,6) € (R)™. Define
(6.7) ferts = fenr % Ps = Fopr (- 4 im(8)).

Since F.j € H'(Tgq), by applying Proposition 3.5 to F.js at the fixed height 7(§), we see that foprs €
L>(R™). Moreover, foars € L'(R™) by (6.7) and Young’s inequality. Hence fopr 5 € L*(R™).
On the other hand, by the definition (6.4) of F.j; and a change of variables,
1
3

(6.8) G(Fopr)(z) < Z (/(R . |V (F(z + im(t + Mj))) y2 tdt) < G(F)(x).

Furthermore, using (6.7) and the semigroup property of the Poisson kernels, we obtain

1

69 g(forrs)(a) = ( /. )m|vm(FEM<a:+iw<t+6>>)|2tdt> < G(Faan)(@) S G(F) (@),

by setting s =t + & and using ¢ -+ - t,, < 81+ S,,. Thus, by applying Corollary 5.2 to foprs € L*(R"),
we get for every t € (Ry)™,

(6.10) | Fene (- 4 im(t + 6)) ||L1(Rn) = || fenrs * Pt”Ll(Rn) S ||g(fsM,6)||L1(Rn) SIGE) 21 ®ny-

The implicit constants are independent of §, e, M, and t. Letting § — 07 in (6.10) and applying Fatou’s
lemma, we conclude that ||F.p (- + im(t)) HLI(R") SIG(F)| L1 ey for any t € (Ry)™.

Since for y € Q, F(z + iy +iy’) — 0 as || — +oo by the assumption, it follows from (6.6) that
Fop(z+iy) = (-1)™F(x +iy) as e = 0 and M — +00. So we conclude that

¢+ iy)llren) < Tminf [[Foar (- +iy)lloeen) S 1GE) L @n),
M—~+oco

by Fatou’s lemma, where the implicit constants are independent of y € 2. This completes the proof.
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Proof of Corollary 1.1. By Theorem 1.1, if F' € H'(Tq), then F has a boundary value F* € L*(R") and
F(z +in(t)) = Fb x Py(z),r € R",t € (R,)™. Hence, by the definitions,

NP(F') =N(F),  S(F')=S(F),  g¢(F")=G(F).
Since F' € H'(Tg), Theorem 1.2 implies that N?(F), S(F) and G(F) belong to L!(R"), with fixed 8 > 0.

Therefore, N°(F®), S(F®) and g(F?) also belong to L'(R™). Together with F* € L'(R™), this proves the
corollary. m

APPENDIX A. THE PLANCHEREL-POLYA TYPE INEQUALITY FOR §)-VALUED FUNCTIONS
See e.g. [14, 19, 20, 21] for Plancherel-Pélya type inequality. Recall that for f(z) = Z;’;l fi(@)h;
fr(x) = Zle fj(z)h; converges to f(x) under the norm L?(R, $), i.e

p
oo 2

/Rllf(x)—fk(x)ugdx:/R S fi@)P ] de—o.

j=k+1
By the wavelet Calderén reproducing formula (5.4) on R, we get
g—ali—1)

f(z):/R oux pr* f(a Z/z @t*ﬂt*f(@%

(Al) g—a(i=1) dt
o NG B @t [ e ) ) = Tole) + Rl
JEZ
for f € L?(R, $), where
12
A2 i = — —.
( ) Pj o Jyoos ®t P

The second identity in (A.1) is subject to the condition (to be proved later) that both T, f(x) and R,f(x)
are well defined. Now cover R by almost disjoint dyadic intervals I (only endpoints may overlap) with
¢(I) = 2=*U+N) where N is a large positive integer fixed later. Then

a *Cach]*p]*f *CaZZ/SO]x*I *f( )

JEZ Jje€Z I
(A.3)
= Cq j(x—a)dz" ) pj * §(z1) + Ry, nf(2)
]%; ( /w )p 1 N

with z; any fixed point in I, and

(A.4) Nf *CQZZ/@J * f(x ) ﬁj*f(x[))dl'/

JEZ 1

Now we can write

(A.5) i) = THw) + Raf(2) + Ronf(2),  where  Tf(x) =33 fjré5( 1),
oI
where f;.;’s are given by (5.7), and

e ,_L ~ o / ﬁ*f(ﬂfl) —aj .
(A.6) dwer) =gy [ Bt = o’ LI € M(8,3, 27 5,
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(see [21] for the scalar case). Here we take gj(-, xr) =0if |p;*f(xr)|s = 0. Since ¢ is compactly supported
and smooth, it is easy to see that aj(~, x7) have uniformly bounded norm in M(3,v,27% z;;$) by the
scalar case. In order for (A.3)-(A.5) to make sense and to invert 7, we need to show that R, and R}, y
have sufficiently small operator norms both on L?(R,$)) and on M(B,v,r,z0;$). Then, the series in
(A.1) converges in L*(R, $). Here R, v has kernel

(A7 Ri(an) = 3 [ (o =a) o (ol u)da

with |

(A9 i a0) = 0 30" =) = Py — ) s (e
I

Let T be a bounded linear operator on L?(R) associated with a scalar kernel K(z,y) defined on
{(z,y) € Rx R : x # y}, given initially by T'f(z) = [, K(z,y)f(y)dy for x ¢ supp f for f € €2(R),
where K (x,y) satisfies the following conditions (%): there exists a constant C' > 0 such that for all z # y,
(i) [K(2,y)| < Clz —y|™h
(i) [K(z,y) — K(2/,y)| < C|w —a'|lr —y| 72, if o — 2| < o —yl/2;

(iii) | K (2, y) — K(2,9)| < Cly = ¢/l — y| 72, if |y — ¢/| < o —y]/2;
(iv) [K(2,y) = K(a',y) — K(z,y) + K (@', )| < Cla—a'[ly—y/lle—y| 7>, if [z =2/ |+ |y —¢/| < |z —yl/2;
(v) T(1) =T*(1) = 0.

We denote by ||K||g the smallest constant C' that satisfies (i)-(iv) above. The operator norm of T' is
defined by ||TH>.< = ||T||L2(R)—)L2(R) + HKHR

Proposition A.1. Suppose that T is an operator as above. Then T is bounded on L*(R,$) and the test
function space M(B,~,7,20;9) for B,v € (0,1),r > 0 and xo € R. Moreover, there exists a constant C
independent of r and xo such that

(A.9) IT(Hllo < CIT[|«[Ifllo-
fOT’ U= L2(Raﬁ) or M(B?Vara xo»ﬁ)

Proof. The scalar case is [21, Lemma 2.1.9]. (A.9) for L(R, §) is trivial since T" acting on each component
of an L*(R, ))-function. Let A = ||| r1(8,,r,20:5)- For each u € $ with [jullg =1, set fu(z) = (f(z),u)s.
Then, by the definition of the $)-valued M-norm,

P

)] < 1@l < Ao

[fu(@) = fuly)l = [((@) = F(v), wel < [f(=) = F(y)ls

_ B v
<A |z —y r .
r+ |z — o) (r+ |z — xo|)tH7

Moreover, the cancellation condition is inherited from §. Hence || full pm(s,y,r,20) < A. Then,

1T fullmes i) < CIT Il full iy ,rae) < ClITI4A,

by the scalar result. In particular,

Y
(r + |z — xo|)1t7’

Tfu(z)| < C||T[.A

B -yl )’ Y
Thu(a) Tfu(y)ISCIITI*A< ) :

r+ |z — x| T+ |x — zo|)1 Y
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Since the kernel of T is scalar-valued, we have (Tf(x),u)s = T fu(x). Therefore,
[Tf(x)lls = sup [T(x), we| = sup [T fu(z)]
[ulg=1 |ulg=1
rY
(r+ |x — xo|)1+’

< C|T).A

and
|T§(z) = Ti(y)lls = sup [(Tf(z) = Ti(y),w)sl = sup [Tfu(z) —Tfu(y)l

ulg=1 [ulg=1

_ B ¥
sc||T|*A( [ = o] ) —

r+ |z — x| T+ |x — zo|)1 Y

The cancellation condition for Tf follows in the same way, since it holds after taking the inner product
with every u € §. Consequently, (A.9) holds. The proof is complete. O

In the decompositions (A.1) and (A.3), the reason for choosing « small and N large is to make the
individual error terms small. But this produces more terms than in the usual dyadic decomposition.
However, the factor ¢, compensates for this loss, as quantified in the following lemma.

Lemma A.1. Let r; =27% and ¢, = aln2. If o > 0, then for every d > 0,

75 1

Al S <

(A.10) cz(rj+d)1+afvdg
JET

where the implicit constant is independent of 0 < a < 1, but may depend on o.

Proof. Given d > 0, there exists | € Z such that 2-*0+1) < d < 2= Then, we have

«

92—aj ) 9—al . 1
L.H.S.SCQZW+CQZQaJJSﬁ_’_an Sdig
>l i<l

The lemma is proved. O

Proof of Proposition 5.2. To estimate %, n.j(2’,u) in (A.8), recall the estimates (3.14) for the Poisson

kernel P; and
oP;
pi(w) = —tﬁ(x)

1 2 — 22 y

T (t2+x2)?
Set r; :=27%. Given 2’ € R, let I be the dyadic interval of length 27*U*+N) such that 2’ € I. Then
|2’ — x7| < 27*Np;. By the mean value theorem and definition (5.7), for a nonnegative integer b,

b / 2% b / b dt
Ohtavs@ )| = | [ (ol — ) = Sher ) T
Ty
/ 2% b+1 dt
<l —arl [ sup |kt oe - )| S
T gel
2 ¢ dt
(All) 5 2—aN7,j/ sup 3+b7
v cer (EH[E—ul)Pt
«@,.2
< Ca27aN 2 rj
SN R
rj

< 27aN
NS =]
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where we used the estimate for derivatives of the Poisson kernel, and in the last inequality we used
rj + 1§ —u| = r;+ |2’ —u| for £ € I in the second inequality, and 2% < 2 for 0 < a < 1 in the last one.
Similarly,

(A12) 0285(@)] £

(rj + |z[)>+*"

since ¢ € S(R). Although Z, n.;(«’,u) is only piecewise continuous, estimates (A.11)-(A.12) allow us to
use differentiation under the integral sign (cf. [12, Proposition 2.23]) to show that R, y is smooth and

(A.13) QLR N ( / 95 (1 — )0 R .y (2, u)da,

for nonnegative integers a,b. Then, by estimates (A.11)-(A.12) and Lemma A.1, we have
6a8b l < 2704N / Ty T d !
0RO SN Y | e Gy e

.
< c 2—aN J
S el L G = e

1
|.’L' _ u|1+a+b’

< 270¢N

where the implicit constants are independent of 0 < @ < 1. Consequently, fo, n satisfies the Calderén—
Zygmund conditions (i)-(iv) in Proposition A.1, with constants bounded by C2~*". Moreover,

/]R{ﬁj(f —a')dx =0, /R'%)a,N;j(fl,U) du =0,

and hence the cancellation condition also holds.
Similarly, R, has the kernel

(A.14) Z/ TJ i (pr = pj) + (o1 = %)*pg)( )@.

JEZYTI

For t € [r;,2%;] and a nonnegative integer ¢, we have the estimate

1/2%1‘ 3q(ﬂt( ) = per(u ))di/

c t

2%r; d dt/
/ / 50,0 p(u) =

t S tl

<7 /2 r /max{tt} s dS dt’

min{t,t’ S + ‘u|)2+q s t,

<q—
~ (g fu)Fe

105 (pi(w) — pj(w))] =

by estimate (3.14) for derivatives of the Poisson kernel P;, where 0 < |1n | < ¢o = aln2. The same
estimates hold for ¢, — ;. Together with the corresponding estimates for ¢; and p;, the same argument
as above shows that R, satisfies the Calder6n-Zygmund conditions (i)—(iv) in Proposition A.1, with
constants bounded by Ca. The cancellation condition follows from the cancellations of ¢, ©;, p¢, and

Pj-
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We will use the quantitative form of the T'(1) theorem of David—Journé (cf. e.g. [8])

1Tl L2@®)—L2@®) S 1Koz + [ITllwse + [T(1)]IBmo + 177 (1) Ismo,

where || K||cz denotes the constants in the standard Calderén—Zygmund kernel estimates and ||T||wsp
is the weak boundedness constant. We have already shown |[Kg,|cz S « for R,. Write K, :=

~

o x (pr — pj) + (e — @5) * p; with ¢ € [rj,2%;]. The estimates above imply

[ Kitwdu=o0. ) S

Tj «
e Kl S
(rj + Jul)? rj
Consequently, R (1) =0 = (Rqo)*(1). It remains to verify the weak boundedness property for R,.
Let Q be an interval with R = £(Q), and let a,b be normalized C' bump functions adapted to Q, ie.

suppa,suppb C Q, [|alloo + |blle < 1, and ||a’[|oo + [[0']lc0 < R™. Using the cancellation of K, we
obtain

(Kj:*a,b)| < ar; (l—Hogﬁ) if r; <R,

(K% a,b)] S 1K alloclall 6] S 0, it r; >R

Therefore, since ¢, = alog?2 and r; = 27,

(Raa, )] S aca | 3 7; (mog ) Py s
> J

’I‘]'SR

Hence |Ra|lwsp S a. Together with || Kz, |lcz S @, Ra(1) = R%(1) = 0, the quantitative T(1) theorem
yields [|Rallz2r)—r2®) S . Thus, we can apply Proposition A.1 to obtain that

1
(A.15) IRallo S < 3,

provided we choose « sufficiently small, where || - ||g is the operator norm on the space of linear endo-
morphisms of (0 = L?(R, ) or M(B,~,r,z0;$).

For the operator R/, y, we have already shown ||KR;,NHCZ < 272N and R, n(1) =0= (R n)*(1)
by the cancellation identities established above. As above, we can verify R}, y[lwsp < 27N Thus,

||RIQ,N||L2(R)%L2(R) < 272N So we can apply Proposition A.1 again to get

(A.16) IRGwllo S 27N <

OO\’—‘

if we choose N sufficiently large. Therefore,

is inlfertible and its inverse 7! isNalso bounded on O, with a bound independent of r, x¢. Consequently,
for ¢;(-,xr) given by (A.6), T 1(¢;(-,xr)) is also in M(B,7,27%, x1;$). Denote it by ¢;(z,z;). Then
applying 7! to (A.5), we get

(A.18) fa) =T 'Tf = cha N = §(@r)|ad;(z, 1),

in L*(R, ). Here ||¢;(-,21)|| pm(8,4,2-29 2155 are uniformly bounded by Proposition A.1. O
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Proof of Proposition 5.3. Convolving the wavelet Calderén reproducing formula (5.6) with v, we obtain
for each choice of zy € I,

(A.19) Ve () = Y cal(D)]7; * Hwn)ls (8 * &5, 21)) (v).

JjeEZ I

where £(I) = 27Ut and ¢, (-, 1) | m(y,2-03 1:5) < C. We can choose z; € I so that
(A.20) 5y )l = inf 7 = )]s,

by the continuity of p; * f. But for 2=k <t <« 27*(k=1) e have the following almost orthogonality
estimate for ¢;(-,zy) and ¢, (cf. [23, Lemma 6]),

,
b 1k ol
(A.21) (e % 65(- 1)) (v) | < C27 1P (rjx + |vj— xr])tH rjg =270,

For fixed v € CyJ with £(J) = 27**+N) " decompose the intervals I according to their distance from v:

To = {1 :£(1) =270t o —ay| <rjul,
Ty = {:(I)=2700tN) 9ol < |y — 2y <2%%5,), 1=1,2,....
Then, for I € T,
,Y
J k < 2(1(]/\k)2—ozl(1+w)

(rjn + o —ar)*r ™

Moreover, |J;c, [ and J are contained in an interval I with length |I] < ;1200 by £(J) = 27«k+N) <
rj k. Let

1 1
max{,} <r<l1 and Fj(z) = Z |pj * F(xr) 5 xr (),
1+~ 1+8 )=+

we have

DD B *fn)|s < (1) (Zf pg*ml)

Ieg, Ie%,
(A.22) . o

sun+ ([ rias)
T

1
T

) 1
S 27070 (1 2°) T M(Fy)(u)7,

where u € J, and the implicit constant may depend on Cy. Substituting (A.21)-(A.22) into (A.19) and
taking summation over [, we obtain

(A.23) b [ f)lox (u <ZA;” (u),

where Ay, ; = 27elk=ilf2alGAk) =311 ’%)7Bj(u) = M(Fj)(u)l/r. Consequently,

2Tk dt 2
ZZ / s e J)sx w7 S (Z A, Bj(w)
B
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Here the second inequality follows from the discrete Young inequality on £2(Z). Indeed, since r > 1/(1+2),
there exists 6 > 0 such that Ay ; < 2-0lk=jl Now taking square roots and L'-norms, and applying the
Fefferman-Stein vector-valued maximal inequality with p = 1/r > 1, we get

. 1/2 1/2
2 2 dt 2/r
Z sup Wt*f(v)haXJ? S ZM(Fj)
k,J Tk veCoJ J
L1 Lt
r/2 1r r/2 1/r
2/r
l(swmer) | <]z
J L/ J Li/r

Since the intervals I with fixed j form an almost disjoint covering of R (only endpoints may overlap),
we have

2/r ~
FPr= N gfenlixe ae
L1)=2—G+N)

By the choice of 2 in (A.20),

- e 1, 2 dt
<o) S nf 17y i) = it | [ i)

c2 wel t .
« 2 «@
1 i dt 1 i o dt
< — inf * — < — inf * it
sz / e f@ls 7 < - ;gl/rj o2 % §(2)[g —
using the Cauchy—Schwarz inequality. The desired Plancherel-Pdlya inequality follows. O
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